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Generalized Multi-Statek-out-of-n:G Systems
Jinsheng Huang, Ming J. Zuo, Member, IEEE, and Yanhong Wu

Abstract—In a binary -out-of- :G system, is the minimum
number of components that must work for the system to work. Let
1 represent the working state and 0 the failure state, then indi-
cates the minimum number of components that must be in state 1
for the system to be in state 1. This paper defines the multi-state

-out-of- :G system: each component and the system can be in 1
of +1 possible states:0 1 . In Case I, the system is in
state iff at least components are in state . The value of
can be different for different required minimum system-state level
. Examples illustrate applications of this definition. Algorithms

for reliability evaluation of such systems are presented.

Index Terms— -out-of- system, multi-state, reliability evalua-
tion.

I. INTRODUCTION

Acronym:
MS multi-state

Notation:
number of components in the system
number of states of the system and its components,
state : perfect-functioning,
state 0: complete-failure

state of component, ,
: vector of component states

system-state structure-function:
minimum number of components with ,

when components are i.i.d.
when components are i.i.d.

when components are i.i.d.

at least out of components are at stateor
above

exactly components are in state, and the other
components are below state
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Nomenclature:MS minimal path: is a minimal path
to system-state leveliff and for all .

MS minimal cut: is a minimal cut to system-state
level iff and for all .

Binary system: The system and its components are in 1 of 2
possible states: working or failed.

MS system: Both the system and its components can have
more than 2 states,eg, completely working, partially working,
partially failed, completely failed.

The termsseries & parallelare used in their logic-diagram
sense, irrespective of the schematic-diagram or physical-layout.

A MS system model is a more flexible tool (than a binary
system) for representing engineering systems.

In a binary system, a-out-of- :G system with components
works iff at least components work. Both series and parallel
systems are special cases of the-out-of- :G systems:

• a series system is-out-of- :G;
• a parallel system is 1-out-of-:G.
• A -out-of- :G system has minimal paths and

minimal cuts.
• A -out-of- :F system with components fails iff at least

components fail.
• The -out-of- :G and -out-of- :F systems are

equivalent.
In a MS system, both the system and components are in 1 of

possible states. is a deterministic function of. Thus,
takes values in .

Let there be 2 component-state vectors, . Then [3]:

• if for all , and for at least one.
• if for all and for at least one.
• is a lower boundary point to system state leveliff

and implies that ,
.

• is an upper boundary point to system state leveliff
and implies that ,

.
The corresponding concepts in binary systems are minimum

path sets and minimum cut sets.
The definitions of binary parallel, series, and-out-of- :G

systems have been extended to the MS cases by allowing both
the system and its components to have more than 2 possible
states [2], [4]:

• The state of a MS series system is the state of the worst
component.

• The state of a MS parallel system is the state of the best
component.

The state of a MS -out-of- :G system is defined to be the
state of the th best component [4]. Reference [3] defines a MS

-out-of- :G system to be a system with both:
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• lower boundary points to system state
,

• upper boundary points to system state
.

These definitions of the -out-of- :G system, the parallel
system, and the series system in the MS context are mutually
consistent. The series and the parallel systems are still special
cases of the-out-of- :G system. Under these definitions of the

-out-of- :G system, maintaining at least a certain system state
level requires the same number of components to be at or above
a certain state: at leastcomponents must be at stateor above
for the system to be at stateor above
where is -independent of the value of the system-state
level.

This paper defines the MS-out-of- :G system wherein
maintaining at least a certain system-state level might require
a different number of components to be at a certain state or
above. The required number of components depends on the
system-state level under consideration. Examples are given
to illustrate the applications of this definition. Reliability
evaluation algorithms are developed for these MS-out-of- :G
systems.

II. A SSUMPTIONS

1) The system is MS monotone [5]:
• is nondecreasing in each argument.
• for .

2 The are mutually -independent.
3 The possible states of each component and of the system

are ordered: State State State .

III. D EFINITION OF THEMS -out-of- :G SYSTEM

Definition: if there exists an
integer value ) such that at least components
are in states at least as good as. An -component system with
such a property is a MS-out-of- :G system.

In this definition, the do not have to be the same for dif-
ferent system states . This means that the struc-
ture of the MS system can be different for different system-state
levels. A few examples are given to illustrate this point.

Notation:
number of components in stateor above
1: when componentis in state or above; 0 other-
wise

The definition is then rephrased as: if at least one of
the following inequalities is satisfied:

...

TABLE I
RELATION BETWEEN SYSTEM AND COMPONENTSTATES

Two special cases of this definition are considered in this paper:

Increasing MS -out-of- :G System: .
For the system to be at a higher state level, more compo-
nents must be at stateor above;ie, there is an increasing
requirement on the number of components that must be at a
certain state or above for the system to be at a higher state
level.
Decreasing MS -out-of- :G System: .
For the system to be at a higher state level, fewer compo-
nents must be at stateor above;ie, there is a decreasing
requirement on the number of components that must be at
certain state or above for the system to be at a higher state
level.

When is a constant, , the struc-
ture of the system is the same for all system state levels. This
reduces to the definitions of the MS-out-of- :G system in [3],
[4]. We call such systems constant MS-out-of- :G systems.
All the concepts & results of binary-out-of- :G systems can
be easily extended to the constant MS-out-of- :G systems.
This paper treats this constant MS-out-of- :G system as a spe-
cial case of the increasing MS-out-of- :G system.

A. Example 1: An Increasing MS-out-of- :G System

Given: A 3-component system with , , .
Both the system and the components can be in 1 of 4 possible
states: 0, 1, 2, 3.

Table I illustrates the relationship between system state and
component states.

Because in this example, there is a simpler
version of the definition of MS -out-of- :G system.

• The system state is #3 if all 3 components are in state 3.
• The system state is #2 or above if at least 2 components

are in state 2 or above.
• The system state is #1 or above if at least 1 component is

in state 1 or above.
The system in this example has a

• 3-out-of-3:G series structure at system state #3,
• 2-out-of-3:G structure at system state #2,
• 1-out-of-3:G parallel structure at system state #1.

B. Example 2: Decreasing MS-out-of- :G System

Given: A 3-component system wherein both the system and
the components can be in 1 of 4 possible states, 0, 1, 2, 3. This
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TABLE II
RELATION BETWEEN SYSTEM AND COMPONENTSTATES

TABLE III
RELATION BETWEEN SYSTEM AND COMPONENTSTATES

decreasing -out-of- :G system satisfies the relationship be-
tween system state and component states as shown in Table II

, ,
This system is in

• state #3 if at least 1 component is in state 3 ;
• state #2 or above if at least 2 components are in state 2 or

above , or if at least 1 component is in state 3
.

• state 1 or above if all 3 components are in state 1 or above
, or if at least 2 components are in state 2 or above
, or if at least 1 component is in state 3 or above
.

In this example, , indicating a strictly de-
creasing MS -out-of- :G system. This system has a

• 1-out-of-3:G structure at system state #3,
• 2-out-of-3:G structure at system state #2,
• 3-out-of-3:G structure at system state #1.

C. Example 3: Constant MS-out-of- :G System

Given: A 3-component system wherein both the system and
the components can be in 1 of 4 possible states: 0, 1, 2, 3. A
constant MS 2-out-of-3:G system satisfies the relationships in
Table III.

Because , there is a simpler version of the
definition for this MS -out-of-3:G system. The system is in

• state #3 if at least 2 components are in state 3.
• state #2 or above if at least 2 components are in state 2 or

above.
• state #1 or above if at least 2 components are in state 1 or

above.

The system has a 2-out-of-3:G structure at system states #1,
#2, #3.

D. Example 4: A Production Management Problem

Given: A plant has 5 production lines for a certain product.
The plant has 4 different production levels:

• full scale for maximum customer demand (state 3),
• average scale for usual customer demand (state 2),
• low scale when the customer demand is low (state 1),
• zero scale when the plant is shut down.

Each production line also has 4 different production levels:

• full scale,
• average scale,
• low scale,
• zero scale.

Then:

• All 5 lines have to work full scale, for the system to be in
state 3.

• At least 3 lines have to work at least at the average scale,
for the system to be in state 2 or above.

• At least 2 lines have to work at least at the low scale, for
the system to be in state 1 or above.

Such a system can be represented by an increasing MS
-out-of- :G system model with , , .

E. Example 5: A Mining Operation

Given: A shovel-truck system in an open-mine.
Such a system usually consists of a shovel and a fleet of trucks

(say 20 trucks). The deteriorating rates of the trucks are often
higher than that of the shovel. Each truck and the system have 5
possible states. The system is in

• state #4 if at least 14 trucks are in state 4.
• at least state #3 if at least 15 trucks are in at least state 3,

or at least 14 trucks are in state 4.
• at least state #2 if at least 16 trucks are in at least state 2,

or at least 15 trucks are in at least state 3, or at least 14
trucks are in state 4.

• at least state #1 if at least 18 trucks are in at least state 1, or
at least 16 trucks are in at least state 2, or at least 15 trucks
are in at least state 3, or at least 14 trucks are in state 4.

This system can be represented by a decreasing MS
-out-of-5:G system with , , ,

.

IV. SYSTEM RELIABILITY EVALUATION

A common approach for MS system reliability evaluation is
to extend the results from binary system reliability evaluation.
Define

• the MS system asfunctioning if , and failed
otherwise.

• similarly, component as functioningwhen , and
failed otherwise.

Because can have various values,functioningand failure
have different meanings for different values;ie, the mean-
ings offunctioningandfailureare dynamic (context dependent).
When or are calculated for all
values, they are the probability distribution of the system in var-
ious states.
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A. Case I: Increasing or Constant

MS -out-of- :G Systems

The definition of a MS -out-of- :G is equivalent to:
iff at least components have .
If at least components are in at least state(these compo-

nents arefunctioningas far as state levelis concerned), then the
system is in stateor above (the system is considered to befunc-
tioning). The algorithms for binary -out-of- :G system relia-
bility [1], [6] can be extended in this case for MS-out-of- :G
system reliability:

(1)

(2)

The boundary conditions for (2) are:

for (3)

for (4)

The probability that the system is in stateis:

(5)

When all the components have the same state probability distri-
bution ( for all ), then

(6)

B. Example 6

Given: In example 1, let , , ,
. Use (6) to calculate the system probabilities at all

levels.

, , .

At level 3, , ;
At level 2, , ;
At level 1, ,

.
The system probabilities at all levels are:

C. Case II: Decreasing MS-out-of- :G System

At least 1 inequality is a strict inequality.

When is the same for all, use the formulas for Case I to
calculate system probability distribution. Otherwise, the defini-
tion of the MS -out-of- :G system is equivalent to:

iff at least components are at or above state
, and at most components are at stateor above for

; .
The case with i.i.d. components and the case with non i.i.d.\

components are treated separately. When all the components
have the same state probability distribution (they are i.i.d.), (7)
is used to calculate the probability that the system is in state:

(7)

is the probability that:

• at least 1 and at most components are in state,
• at most components are in statefor ,
• the total number of components that are at states between

and inclusive is ,
• the system is in state.

As shown in (7), for a given , the components are
in states below and the remaining components must be in
state or above. At the same time, all these component states
must make sure that the system is exactly in state. Equation (7)
sums the probabilities that ‘exactlycomponents are in state
or above, without bringing the system state abovefor

.
The expression in the last parentheses in (7) is the probability

that at least components are in stateor above without causing
the system to be in a state above, and “ is the probability that
all the components are exactly in state” and “ is the
probability that at least 1 and at most components are
in state and the total number of components in statesand

is .”
When , is the probability that

• components are in state for ,
• components are in state for ,
• the total number of components in states, , and

is .
If for any , then

• , and for because is
nonincreasing.

Let

for

Use (8) to calculate

(8)
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The number of terms to be summed in (8) is equal to the number
of ways to assign identical balls to different cells with
“at least 1 and at most ” balls in cell , at most
balls in cells for , and the remaining balls in cell
. Thus, the computation time for in (8) is much smaller

than where . In turn, the
computation time for in (7) is much less than .

We have developed a computer program for given values of
for calculating system-state distributions. For most practical

engineering problems, a limited state number, for example
, is big enough to describe the performances of the

system and its components. Thus, (8) is practical.

D. Example 7: A 4-Component MS System

Given: The system and its components can be in state 0, 1, 2,
3, 4.

, , , .
The components are i.i.d. with , , ,

, .
Use (7) and (8) to calculate the system probabilities at all

levels.

, , , .

At level 4: , . Using (7),

At level 3: , . Using (7),

At level 2: , . Because , find the expression
for . Using (8),

At level 1: , . Because and ,
find the expression for and . Using (8),

Using (7),

At level 0:
When the components are not i.i.d., (9) is used to calculate

the system probability at level.

(9)

is the probability that

• at least 1 and at most components are at state
,

• at most components are at statefor ,
• the total number of components at stateor above is ,
• components are at states below,
• the system is in state.

Part of (9), , is the probability that at least
components are in stateand the other components are below
state .

(10)

(11)

(12)

(13)

for

In (13),

is the probability that there are exactly

• components at level,
• components at level ,
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•
...

• components at level ,
• components at level,
• the remaining components at states below.

For simplicity, denote

Calculate using the recursive relation:

(14)

and a similar convention is followed for other notation in (14).
The boundary conditions for (14) are:

(15)

(16)

(17)

(18)

(19)

The computation time for in the noni.i.d. case with (9) is
much less than , .

E. Example 8: 3-Component MS-out-of- System

Given: The component probabilities are in Table IV.
Let , , . Use (9), (13), and (14) to

calculate the system probabilities at all levels.
From the given data, ,

At level 3: , ;
. For :

TABLE IV
COMPONENTPROBABILITIES

. For : .

At level 2: , ,

For :

For :

For level 1: , ,
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For level 0:
.

Equation (9) was also used to calculate the system-state prob-
ability distribution for example 7. The same results were ob-
tained.

V. DISCUSSION

As shown in the examples in Sections III and IV, it is
nontrivial to find the reliability of a decreasing MS-out-of-
system. Basically, bounds can be established on a complicated
system’s reliability. References [3], [4] illustrated how to use
the upper critical connection vectors (or the lower boundary
points) to establish bounds in a MS case. The corresponding
concept of the “upper critical connection vectors to level” is
the “minimum path sets to level” in this paper.

The results in [3], [4] can be applied to establishing bounds
on MS decreasing-out-of- systems.
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