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Generalized Multi-Staté-out-of-..G Systems

Jinsheng Huang, Ming J. ZudMember, IEEEand Yanhong Wu

Abstract—in a binary k-out-of-n:G system, k is the minimum Nomenclature:MS minimal pathy € S" is a minimal path
number of components that must work for the system to work. Let  to system-state levgliff ¢(y) > j andé(z) < j forall z < y.
1 represent the working state and 0 the failure statek then indi- MS minimal cuty € S™ is_a minimal cut to system-state

cates the minimum number of components that must be in state 1 . ) .
for the system to be in state 1. This paper defines the multi-state level ; iff ¢(y) < j andp(z) = j forallz > y. _
k-out-of-n:G system: each component and the system can be in 1 Binary system: The system and its components are in 1 of 2
of M +1 possible states0, 1, ---, M.InCase |, the systemisin possible states: working or failed.

state > iff at least k; components are in state>j. The value ofk; MS system: Both the system and its components can have

can be different for different required minimum system-state level &g ; ; ;
7. Examples illustrate applications of this definition. Algorithms morg than.2 state Comple.tely working, partially working,
partially failed, completely failed.

for reliability evaluation of such systems are presented. - . . o
The termsseries & parallelare used in their logic-diagram

Index Terms—k-out-of-n system, multi-state, reliability evalua- - gense jrrespective of the schematic-diagram or physical-layout.

tion.
<
A MS system model is a more flexible tool (than a binary
|. INTRODUCTION system) for representing engineering systems.
Acronym: Ina binary system, A-out-of-n:G system Withz_components
MS multi-state works iff at leastt components work. Both series and parallel
Notation: systems are special cases of theut-of-n:G systems:
n number of components in the system * a series system ig-out-of-n:G;
M+1 number of states of the system and its components, * & parallel system is 1-out-0f:G.
stateM: perfect-functioning, * A k-out-ofn:G system hag;) minimal paths and,”,)
state 0: complete-failure minimal cuts.
S {0,1,2, .-+, M} ¢ A k-out-of-n:F system withn components fails iff at least
z; state of component z; € S,i € {1, 2, ---, n} k components fail.
T (z1, %2, -+ -, xn): Vector of component states . The_k—out-ofﬂ:G and(n — k+ 1)-out-of-n:F systems are
() system-state structure-functiopz) € S equivalent. .
k; minimum number of components with > j, i € In a MS system, both the system and components are in 1 of
{1,2, -+, n} M + 1 possible stgtesg/) is a deterministic function af. Thus,
P, ; Pr{z; > j} ¢(x) takes values ii$.
Qi ; 1— P ; =Pr(z; <) Let there be 2 component-state vecterg. Then [3]:
P; P; ; when components are i.i.d. e y < zif y; <x; forall4, andy; < xz; for at least oné.
Q; Q;, ; when components are i.i.d. e y> xify; >z, forall i andy; > xz; for at least one.
Di, j Pr{z; = j} e z is a lower boundary point to system state leyeiff
P pi, ; When components are i.i.d. ¢lx) > jandy < =z implies thatp(y) < 4,5 =
R, ; Pr{od(x) > j} 1,2,---, M.
Ts,j Pr{¢(z) = j} + z is an upper boundary point to system state lgvéf
Rj(a, b) Pr{atleasth out of « components are at stajeor o(x) < jandy > =z implies thato(y) > 7,5 =
above 0,1,---, M—1.
RI(b, a) Pr{exactlybcomponents are in stafeand the other ~ The corresponding concepts in binary systems are minimum
a — b components are below stat¢ path sets and minimum cut sets.

The definitions of binary parallel, series, ahebut-of-n:G
systems have been extended to the MS cases by allowing both
the system and its components to have more than 2 possible

Manuscript received December 15, 1998; revised June 24, 1999. This W%’I‘%tes [2] [4]
was partially supported by the Natural Sciences and Engineering Researc ! ’ ] )
Council of Canada. ¢ The state of a MS series system is the state of the worst
J. Huang and M. J. Zuo are with the Department of Mechanical Engineering, component.
University of Alberta, 4-9 Mechanical Engineering Building, Edmonton, Al- e Th faMS llel is th fthe b
berta T6G 2G8 Canada (e-mail: hjinshen@gpu.srv.ualberta.ca; ming.zuo@ual- e state of a parallel system is the state of the best
berta.ca). component.
Y. Wu is with the Department of Mathematics, University of Toledo, Toledo, The state of a M%-out-of-n:G system is defined to be the
OH 43606-3390 USA (e-mail: ywu4@math.utoledo.edu). ] .
Responsible editor: A. von Mayrhauser. state of thekth best component [4]. Reference [3] defines a MS
Publisher Item Identifier S 0018-9529(00)06209-6. k-out-of-n:G system to be a system with both:

0018-9529/00$10.00 © 2000 IEEE



106 IEEE TRANSACTIONS ON RELIABILITY, VOL. 49, NO. 1, MARCH 2000

(3 Iower boundary points to system statg TABLE |
(J M), RELATION BETWEEN SYSTEM AND COMPONENT STATES
o (0 ) upper boundary points to system state $x):]| 0 1 2 3
(j=0,1,2,---, M -1). 0,0,0) (1,000 (2.2.0) (3.3.3)
These definitions of thek-out-of:G system, the parallel (1,1,0)  (22,1)

) : (1,1,1)  (2,2,2)
system, and the series system in the MS context are mutually (200)  (3.2.0)
consistent. The series and the parallel systems are still special x (2,1,0) (3,2,1)
cases of thé-out-of-n:G system. Under these definitions of the (21,1 (3,2,2)
k-out-of-n:G system, maintaining at least a certain system state (2*2'8) (g’gﬁ’)
level requires the same number of components to be at or above 53:1:1; §3:3:2;

a certain state: at leastcomponents must be at stgter above + +
for the system to be at stageor above(j = 1,2, ---, M)
where k is s-independent of the valug of the system-state

level. Two special cases of this definition are considered in this paper:

This paper defines the M$-out-of-n:G system wherein  Increasing MSk-out-of-n:G Systemk; < ko < -+ < kpy.
maintaining at least a certain system-state level might requireFor the system to be at a higher state leiainore compo-
a different number of components to be at a certain state oments must be at stageor above;ie, there is an increasing
above. The required number of components depends on theequirement on the number of components that must be at a
system-state level under consideration. Examples are givereertain state or above for the system to be at a higher state
to illustrate the applications of this definition. Reliability level.
evaluation algorithms are developed for these M&ut-of-n:G Decreasing ME-out-of-n:G System#k; > ky > --- > kyy.
systems. For the system to be at a higher state leydewer compo-
nents must be at stageor above;ie, there is a decreasing
Il. ASSUMPTIONS requirement on the number of components that must be at
certain state or above for the system to be at a higher state

1) The system is MS monotone [5]: level

* ¢(x) is nondecreasing in each argument.

‘¢J:¢J7J77J IJfOfJGS i
2 The-’IZ'z (ar)e muEua”ys-inde)pendent. Whenkj is a constanty = ky = --- = ky = k, the struc-

3 The possible states of each component and of the systeli® Of the system is the same for all system state levels. This
are ordered: Stae < Statel < - -- < StatelM. reduces to the definitions of the MSout-of-n:G system in [3],
[4]. We call such systems constant MSout-of-n:G systems.
1. D EFINITION OF THEMS E-out-of-1:G SYSTEM All the r:oncepts & results of binark-out-of-n:G systems can
o o _ _ be easily extended to the constant M®ut-of-n:G systems.
~ Definition: </>($) >j (=12, ---, M)ifthere exists an Thjs paper treats this constant MSut-of-n:G system as a spe-
integer valud (j < I < M)) such that at leagt; components cjal case of the increasing MSout-of-n:G system.
are in states at least as good a&n n-component system with
such a property is a MB-out-of-n:G system. _A. Example 1: An Increasing MSout-of#:G System
ferontsystem Statés(1 = 5 < ). This means hat he sir.., GIVEM: A 3-component system with = 1,z = 2,z = 5
ture of the MS system can be different for different system- stal?JOth the system and the components can be in 1 of 4 possible

levels. A few examples are given to illustrate this point Sfates: 0.1,23.
j P 9 point. Table | illustrates the relationship between system state and

«

Notation:
N; number of components in stater above component states. . . . .
X, 1: when componentis in statej or above; 0 other- Becausely < ks < ks in this example, there is a simpler
“d V\rise ' version of the definition of M3-out-of-n:G system.
» The system state is #3 if all 3 components are in state 3.
» The system state is #2 or above if at least 2 components
are in state 2 or above.
Nj = Z Xij- * The system state is #1 or above if at least 1 component is
The definition is then rephrased ag(z) > j if at least one of in state 1 or above.
the following inequalities is satisfied: The system in this example has a
 3-out-of-3:G series structure at system state #3,
N; 2 k;. » 2-out-of-3:G structure at system state #2,
Njit1 = kjqa, » 1-out-of-3:G parallel structure at system state #1.
Njt2 2 kji2,

B. Example 2: Decreasing MSout-ofy:G System

: Given: A 3-component system wherein both the system and
Ny >k the components can be in 1 of 4 possible states, 0, 1, 2, 3. This
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TABLE I D. Example 4: A Production Management Problem
RELATION BETWEEN SYSTEM AND COMPONENT STATES

Given: A plant has 5 production lines for a certain product.

px):| O 1 2 3 The plant has 4 different production levels:
0,0,0) (1,1,1) (2,2,0) (3,0,0) .
(1,0,0) (21,1) (221) (3,1,0) * full scale for maximum customer demand (state 3),
(2,00) + (2,2,2) (3,1,1) « average scale for usual customer demand (state 2),
(1,1,0) + (320 * low scale when the customer demand is low (state 1),
X (2,Jlr,0) 823 » zero scale when the plant is shut down.
(3:3:0) Each production line also has 4 different production levels:
(3,3,1) « full scale,
83% e average scale,
+ * low scale,
 zero scale.
Then:
TABLE Il « All 5 lines have to work full scale, for the system to be in
RELATION BETWEEN SYSTEM AND COMPONENT STATES state 3.
éx):| © 1 9 3 * At least 3 lines have to work at least at the average scale,
00,00 (1,1,0) (2,2,00 (3,30 for the system to be in state 2 or above.
(L,0,0) (1L,11) (2,21) (331) * At least 2 lines have to work at least at the low scale, for
x g:g:g; g’}(g Eg:g’gg 83;3 the system to be in state 1 or above.
+ (3,1,00 (3,2,1) + Such a system can be represented by an increasing MS
(31’1) (3,i,2) k-out-of-n:G system model witlk; = 2, ks = 3, ks = 5.

E. Example 5: A Mining Operation

decreasing-out-ofn:G system satisfies the relationship be- Given: A shovel-truck system in an open-mine.
tween system state and component states as shown in Table $uch a system usually consists of a shovel and a fleet of trucks

ki =3,ka=2k3=1 (say 20 trucks). The deteriorating rates of the trucks are often
This system is in higher than that of the shovel. Each truck and the system have 5
« state #3 if at least 1 component is in statg:3 = 1); possible states. The system is in

« state #2 or above if at least 2 components are in state 2 ore State #4 if at least 14 trucks are in state 4.
above(ks = 2), or if at least 1 component is in state 3 « at least state #3 if at least 15 trucks are in at least state 3,
(ks = 1). or at least 14 trucks are in state 4.

« state 1 or above if all 3 components are in state 1 or above ¢ at least state #2 if at least 16 trucks are in at least state 2,
(k; = 3), orif atleast 2 components are in state 2 or above  or at least 15 trucks are in at least state 3, or at least 14
(k; = 2), orif at least 1 component is in state 3 or above  trucks are in state 4.

(ks = 1). + atleast state #1 if at least 18 trucks are in at least state 1, or
In this examplej; > ko > ks, indicating a strictly de- at least 16 trucks are in at least state 2, or at least 15 trucks
creasing MS:-out-of-2:G system. This system has a are in at least state 3, or at least 14 trucks are in state 4.
« 1-out-of-3:G structure at system state #3, This system can be represented by a decreasing MS
« 2-out-of-3:G structure at system state #2, k-out-of-5:G system withk; = 18, k2 = 16, ks = 15,
 3-out-of-3:G structure at system state #1. ky = 14.
C. Example 3: Constant M&out-of:G System IV. SYSTEM RELIABILITY EVALUATION

Given: A 3-component system wherein both the system andA common approach for MS system reliability evaluation is
the components can be in 1 of 4 possible states: 0, 1, 2, 3tdAextend the results from binary system reliability evaluation.
constant MS 2-out-of-3:G system satisfies the relationshipsrefine

Table III. o _ « the MS system afunctioningif ¢(z) > j, andfailed
Becauséi; = &k, = k3 = 2, there is a simpler version of the otherwise.

definition for this MSk-out-of-3:G system. The system is in « similarly, component asfunctioningwhenz; > j, and
* state #3 if at least 2 components are in state 3. failed otherwise.

« state #2 or above if at least 2 components are in state 2 OBecausej can have various valuenctioningand failure
above. have different meanings for differertvalues;ie, the mean-
* state #1 or above if at least 2 components are in state 1jqs offunctioningandfailure are dynamic (context dependent).
above. WhenPr{¢(z) = j} or Pr{¢(x) > j} are calculated for alj
The system has a 2-out-of-3:G structure at system states vwdlues, they are the probability distribution of the system in var-
#2, #3. ious states.
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A. Case I: Increasing or Constant

MS k-out-of-n:G Systems

ki <k <o < ky

The definition of a MSt-out-of-2:G is equivalent top(x) >
4 iff at leastk; components have; > j.

If at leastk; components are in at least statéhese compo-
nents aréunctioningas far as state levgis concerned), then the
system is in statg or above (the system is considered tduoec-
tioning). The algorithms for binary;-out-of-n:G system relia-
bility [1], [6] can be extended in this case for MSout-of-n:G
system reliability:

RSJ IRj(TL, k‘j), (1)
Ri(n, kj) =P, ;- Bj(n—1, k; =1)+Qp ;- Rj(n — 1, kj),

@
The boundary conditions for (2) are:
Rj(a, b) =0, forb > a >0, 3)
R;(a, 0) =1, fora > 0. 4
The probability that the system is in statés:
7s,; =Rsj — Ry jp1, Re,o=1 ©)

When all the components have the same state probability disgrl—

bution (p; ; = p; for all ), then

= n k n—k
R, ;= Z <k> - PF.QrR
k=k;

(6)

B. Example 6
Given: In example 1, lepg = 0.1, p1 = 0.3, po = 04,
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Whenk; is the same for all, use the formulas for Case | to
calculate system probability distribution. Otherwise, the defini-
tion of the MSk-out-of-n:G system is equivalent to:

¢(x) = j iff at leastk; components are at or above state

4, and at mosk; — 1 components are at stateor above for

l=j+1,j+2 -, M;j=12---, M.

The case with i.i.d. components and the case with non i.i.d.\
components are treated separately. When all the components
have the same state probability distribution (they are i.i.d.), (7)
is used to calculate the probability that the system is in gtate

n M

EDY <Z>Q§“" i+ Y. sk, @

k=k; I=j+1, k;>1

Bi(k) is the probability that:
* atleast 1 and at mo&t — 1 components are in state
 atmostk, —1 components are in statefor j+1 <« < I,
« the total number of components that are at states between
7 andl inclusive isk,
* the system is in statg

As shown in (7), for a giverk, then — k& components are
in states belowj and the remaining: components must be in
statej or above. At the same time, all these component states
must make sure that the system is exactly in staguation (7)
ums the probabilities that ‘exacthycomponents are in stafe
I above, without bringing the system state abgver & =
ki, kj+1,---,n.

The expression in the last parentheses in (7) is the probability
that at least components are in stajer above without causing
the system to be in a state abgvand “pf is the probability that
all thek components are exactly in stgteand /3,41 (k) is the
probability that at least 1 and at mdst,., — 1 components are
in statej 4+ 1 and the total number of components in stgtasd
j4+1lisk.”

ps = 0.2. Use (6) to calculate the system probabilities at all When! = j + 2, 5;(k) = 5,42(k) is the probability that

levels.

Q1 =01,0; =04,0Q3 =0.8.
Atlevel 3,ks = 3, R, 3 = P$ = 0.2° = 0.008;
Atlevel 2,ky = 2, R, » = (3) -0.6?-0.4+0.6% = 0.648;
Atlevel 1,k = 1, R, 1 = (3) -0.9-0.12+ (3) - 0.9? -
0.1 +0.9> = 0.999.
The system probabilities at all levels are:

75,3 =R, 3 = 0.008;

75,2 =R; 2 — R, 3 = 0.64;

75,1 =R, 1 — R, o =0.35];

75,0 =Rs0—Rs,1=1-0.999 = 0.001.

C. Case II: Decreasing MB-out-of:G System

ki 2 k2> -2 ky
At least 1 inequality is a strict inequality.

* ¢; components are in staget- 2 for 1 <4y < kjp0 — 1,

* iy components are in stafe-1for 0 < 4, < kj—1—iy,

« the total number of components in stajeg+ 1, andj +2
is k.

If &, = 1 for anyu, then

*j+1<u< M, andgi(k) = 0forl > u becausé; is
nonincreasing.

Let
=) im  fora=1,2---,1-j
m=1
Use (8) to calculate
k—1 ki_1—1—-1I1
k ; k-1 4
3 k = .t .2
= (F)n X (ML) s
11:1 12:0
ki_o—1—Ty k— I y kjp1—1—I_; 4
Z ) plE
i3=0 3 41— ;=0
i_; k=T

g+l (8)

' </% —ILi_j1
i

)0
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The number of terms to be summed in (8) is equal to the numbgrlevel 1:j = 1, k; = 4. Becausé, = 3 > landks =2 > 1,
of ways to assigrk identical balls ta — j different cells with find the expression foflz (%) and3s(k). Using (8),
“at least 1 and at mosgt; — 1” balls in cell [, at mostk, — 1

balls in cellst for j < ¢t < [, and the remaining balls in cell 3 (k) — > /4 i by

j. Thus, the computation time fgh(k) in (8) is much smaller Pa(k) = z_: i) P2 P

thanK'=7 whereK = max{k;, j = 1,2, ---, n}. Inturn, the “1_1 .

computation time for;_; in (7) is much less than - K. 3 _ 4\ 3 i 3y
We have developed a computer program for given values of Pa(k) = ;;1 i) P ;;0 i) P2 P '

M for calculating system-state distributions. For most practical
engineering problems, a limited state numBéy for example Using (7),
M = 10, is big enough to describe the performances of the

. . . 4 3
system and its components. Thus, (8) is practical. 4 .
y P ®)isp n=Y(3): p’f+§jﬁz<k>]
k=4 1=2
D. Example 7: A 4-Component MS System —0.2% + fa(4) + fa(4) = 0.0856.
Given: The system and its components can be in state 0, 1, 2,
3, 4. At level 0:7’570 =1- Ts,1 —Ts,2 = 75,3 Ts,4= 0.1331
By =4, ko =3, kg =2, ky = 1. When the components are not i.i.d., (9) is used to calculate

The components are i.i.d. wifly = 0.1, p; = 0.2, p, = 0.3, the system probability at level

Pz = 0.3,])4 = 0.1. M

Use (7) and (8) to calculate the system probabilities at all - j i
levels. = > | Rk n) Z EAGIE 9)
k=k; I=541,1>1
Qs =0.9,Q3 =0.6Q, =0.3,Q, =0.1.
Atlevel 4:j = 4, k, = 1. Using (7), 31(1) is the probability that
e at least 1 and at mog; — 1 components are at state
) A e o« (1>
Ts,4 = Z p) e P  at mostk,, — 1 components are at statgfor j < u < I,
k=1 « the total number of components at stater above isk,
B /4 0.94F . 0.1% * n — k components are at states belpw
- ; k (0.9)777-0. « the system is in statg
:03439 Partof (9),>,_ k; Ri(k, n), is the probability that at least
components are in stageand the other components are below
Atlevel 3:j = 3, ks = 2. Using (7), state;.
1 Ri(k,n)=pp ;- RI(k—1, n—1)4+Q, ; - Ri(k, n—1),
ra=3 ()@ b (10
k=2 . '
iy Ri(k, k) =[] pi.; (11)
:Z()-(%)‘” 0.3 i=1
k=2 k ) k i—1 k
=0.2673 RI(L k)= [H QJ] i | I Qei| @2
=1 Lg=1 g=i+1
At level 2: 5 = 2, k; = 3. Becausé > 1, find the expression Bl kiq—1—Ty kio—1—To  kjei—l—Ii_;_q
for B5(k). Using (8), /3i(l) —
21=1 10 =0 13=0 i ;=0
1 . . .
k ; i R[(I™, (1-1)2, -+, (j+1)H jk—fz—j) n];
/33(/6)2 < ) -p“-pk 11 ’ 3 3 3 ’ )
2 \) e 13)
- <I;> 0303k_1 Ia = iTnv fora = 17 27 ) l_7
m=1
=k-0.3"
4 In (13),
ra=3 (3) - @ B+ o] o 7
kzzi% k R[(l’17(l—1)’27 (J""l)l I Jk fi- j)v”]
4
_ Z <4> 034k . (0'3k +k- 0'3k) is the probability that there are exactly
‘ k « {3 components at levé|

k=3
=0.1701. * {3 components at levél— 1,
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TABLE IV
COMPONENT PROBABILITIES

* {;_; components at levgl + 1,
* k — I;_; components at level, Component
« the remaining: — k components at states belgw State | 1 2 3

0 0.1 01 01

For simplicity, denote 1 (02 01 02
2 (03 02 04
R[(l ~ j), n] 3 |04 06 03

= R[(I", (1= 1), o, (j+ 1), 7 =0) 0]
p2,3 = 0.324. Fork = 3: R3(3, 3) = p1,3-p2,3-p3,3 = 0.072.

CalculateR[(! ~ 7), n] using the recursive relation: ris = 0.324 + 0.072 = 0.396

R[(I ~ j), n] Atlevel 2.5 = 2, ky = 2,
:an'R[(ﬁl_lv*)vn_l] - 2 3 2
+pn,i-1 - R [((l — 1)i2717 *) , = 1] 4+ Ts,2 = k; R (k, n) + ; B (D)
+pn,j+l 'R[((j—i_l)ilij_la *) ’ 7’L—1:| 3
Fpa s RIGF7L 5) = 1] = > (R2(k, 3) + F3)).
+Qn,j R[(lNl)v 71—1]7 k=2
R[(I"Y %), n—1] (14) Fork =2
= R[(l“_lv (1_1)127 T (j+1)”7j7 jk_llij)v n— 1] ’ Rz(27 3) =P3, 2" Rz(lv 2) + Q3,2 : 33(27 2)
and a similar convention is followed for other notation in (14). =p3,2-(p1,2- Q2,2+ Q1,2 p2,2)
The boundary conditions for (14) are: + (3,2 - p1,2 - p2,2 = 0.066,
1
R[(lov (l - 1)07 ) il? ) (7 + 1)07 jo)v 1] /3%(3) = Z R [(3i1, 2k_il) y 3]
= D1,y (15) iy =1
R[(lov (l - 1)07 ) (J + 1)07 jo)v 1] :R[(31’ 21)’ 3]
= Q1,5 (16) =p3,3- R[(3°, 2"), 2]+ ps,o - R[(3', 2°), 2]
R[(lov (l - 1)07 ) (1 + 1)07 jo)v 7’L] + Q3’2 ’ R[(31’ 21)’ 2]
n =ps3,3-(p1,2 Q22 + Q1,2 - p22)
=11 @ (17) N
bt p3,2 - (p1,3 Q2,2+ Q1,2 - p2,3)
R (1=1)°, - " oo, G+ 1), 5%, n] + Q3,2 (p1,2 " p2,3 +p1,3°p2,2) = 0.218.
_ H Phois (18) Fork = 3:
k=1 R2(3,3) =p1.2-p2,2- D30 = 0.024.
R[(lov (1_1)07 Ty ilv Ty (j+1)07j0)7 7’L] ( ) 1i2 »? >
n i d B® =2, B[ 27),. 3]
= l Qg,j] pic | || Qai|- (19 in=1
=1 Lg=1 g=k+1 = R[(3%, 22), 3]
The computation time for,_; in the noni.i.d. case with (9) is =ps,3- R[(3°, 2%), 2] + ps,2 - R[(3', 2"), 2] + 0
much less than? - KM, K = max{k;, i =1, 2, ---, n}. =p33-P22-Pr,2+p32-(P1,3-P2,2+DP1,2-P2,3)

=0.122
75,2 =0.066 + 0.218 4- 0.024 + 0.122 = 0.43

E. Example 8: 3-Component MSout-of« System
Given: The component probabilities are in Table IV.
Leth; = 3, k2 = 2, k3 = 2. Use (9), (13), and (14) to For level 1:j = 1, k; = 3,

calculate the system probabilities at all levels.

. n 3
From the given data; = 3, ;
9 Y roi= 30 <Ri(k, n)+y /%(l))
Q1,1 =01, @1,2=03, (1 3=06, k?’“l . 1:21
Qs 1 =01, Q=02 Qu3=04, =R.(3,3)+ f3(2) + A5(3).
: : : . - g
Q31 =01, Q32=03 Qs3=0T. R:(3,3) =p1,1-p2,1-p3,1 = 0.004.
1
Atlevel 3:j = 3, ks = 27,3 = Sp . B3k, n) = B3(2) =D R[(2",1""), 3]
R3(2,3)+ R3(3, 3). Fork = 2: R3(2, 3) = p3. 3- R3(1, 2) + i=1

Q3,3'Rg(27 2) =p33-(p1,3-Q2,3+Q1,3p2,3)+ Q3 3:p1,3 :R[(217 12)7 3]
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=ps,2- R[(2°, 1%), 2] + ps 1 - R[(2}, 1Y), 2] + 0 REFERENCES

=p39-P21-PL1+P31- (pl o P21 +DL1D2 2) [1] R.E.Barlow and K. D. Heidtmann, “Computirigout-of-n system re-
’ ’ ’ ’ ’ ’ ’ ’ liability,” IEEE Trans. Reliabilityvol. R-33, pp. 322—-323, Oct. 1984.

=0.022. [2] R.E.Barlow and A. S. Wu, “Coherent systems with multi-state compo-
10 o o nents,"Mathematics of Operations Researghl. 3, no. 4, pp. 275-281,
A3y =3 > R[(3, 27, 17 3 1978,
Py — [3] R. A. Boedigheimer and K. C. Kapur, “Customer-driven reliability
models for multi-state coherent system&EE Trans. Reliabilityvol.
=R[(3, 2°, 1?), 3] 43, pp. 46-50, Mar. 1994.
0 o0 42 [4] E. ElI-Neweihi, F. Proschan, and J. Sethuraman, “Multi-state coherent
=ps3- RB[(3", 27, 1°), 2]+ 0 system,”J. Applied Probabilityvol. 15, pp. 675-688, 1978.
+pa1- R[(3,2° 1Y), 2] +0 [5] W. S. Griffith, “Multistate reliability models,"J. Applied Probability

vol. 17, pp. 735-744, 1980.
=p3,3-p2,1-P1,1 +P31- (p2,3 “P1,1+ P13 P2, 1) [6] A.M. Rushdi, “Utilization of symmetric switching functions in the com-
—0.038 putation ofk-out-of-n system reliability,”"Microelectronics and Relia-
- : bility, vol. 26, no. 5, pp. 973-987, 1986.

75,1 =0.004 + 0.022 + 0.038 = 0.064

Forlevel Oxrs o =1—75 1 —752—1753=1—-0.064—0.43 —
0.396 = 0.11. Jinsheng Huangreceived his B.S. (1982) and M.S. (1988) in mechanical engi-

: _ 2ring from the University of Science and Technology, Beijing. He is pursing
I_E_quat_lon_ (9)_Wa5 also used to calculate the system-state prht?Ph.D. in mechanical engineering at the University of Alberta. His research
ability distribution for example 7. The same results were Obnterests include reliability and mechanical design.

tained.

V. DISCUSSION

. . . .. Ming J. Zuo (M) received the B.S. (1982) in agricultural engineering from
As shown in the examples in Sections Il and 1V, it iShandong Institute of Technology, M.S. (1986) and Ph.D. (1989) both in in-

nontrivial to find the reliability of a decreasing MiSout-of-n ~ dustrial engineering from lowa State University, Ames. He worked at the Uni-

. . . rgity of Windsor in Canada in 1989. In 1990 he joined the Department of Me-
system. Ba5|cally, bounds can be established on a compllca\éﬁ ical Engineering at the University of Alberta where he is a Professor. From

system'’s reliability. References [3], [4] illustrated how to US@996-1998, he was on leave at the City University of Hong Kong. His research
the upper critical connection vectors (or the lower bounda}@}erests include system reliability, manufacturing systems, and applied opera-

. . . tions research. He is on the editorial board of the IIE Transactions on Quality
points) to establish bounds in a MS case. The correspond Reliability Engineering. He is a Senior Member of IIE and a Member of

concept of the “upper critical connection vectors to leyels  |EEE.
the “minimum path sets to levegl in this paper.

The results in [3], [4] can be applied to establishing bounds
on MS decreasing-out-of-n systems.
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