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1 Introduction estimated minimum lives by the two approaches. The approach

ed by Jaske and Simong3] was more accurate because API-

Manufacturers usually conduct accelerated creep-rupture IE 0 used the simple mean diameter formula to compute a single

tests of materials. The data obtained from these tests include ten)- : .
perature, stress, and time to rupture. The data from these testsfS re>s value, while the method by Jaske and SimdGmused

used to estimate the life distribution of these materials. Varioug element stress analysis to compute the stress distribution

h } Rr ugh the tube wall as a function of operating history and con-
equations have _been proposed to represent the relatlons@%%red both creep and the relaxation and redistribution of thermal
among these variabldd]. The use of time-temperature param-

! . ; tress.
eters (TTPs for presenting and extrapolating hlgh-temperaturg_ Some material manufacturers use a different mathematical

creep-rupture data has been practiced for many years. A TTP_is .. ; ;
basically a function correlating the creep-rupture test variables %nuatlo_n to represent t.he relationship between LMP andilag
shown in the following:

stress(load), temperature, and time.
One of the commonly used time-temperature parameters is the
Larson-Miller (L-M) parameter log S=A;+ A, X LMP+A3X (LMP)? (4)

LMP=1(S)=(Tc+273.2(logt; +C) @ whereA;, A,, andAz, are material constants to be determined
where LMP is the Larson-Miller parametes,is the stressT. is  from analysis of accelerated life testing data. These manufacturers
temperature in Celsiug, is time to rupture in hours, log repre-also use the least-squares method to determine these material con-
sents the commofbase 10 logarithm, andC is a material con- stants. They obtain the lower 95-percent confidence limit oSlog
stant[2]. The stress may be measured in K/or psi. In this for the purpose of calculating the minimum creep-rupture life of
paper, we use kilo pounds per square irikhi) as the unit of the alloy.
measure for stress. Nelson[5] mentions that the techniques for accelerated life data

As to the form off(S) in Eq. (1), Jaske and Simondi3] used analysis can be used to estimate various life percentiles of com-
the following equation for the HP-50 and Nb-modified HP alloysponents using the Larson-Miller parameter. He also states that the
. _ 2 scatter in life is often ignored in metallurgical studies. Neither the
LMP=(8)=C,+C;log S+ Cs(logS) @ manufacturers nor Jaske and Simorn8haddress the statistical
whereC;, C,, andC; are material constants to be determinedistributions that the creep-rupture life may follow.
from analysis of accelerated creep-rupture life testing data. Com-Because the least-squares regression method was used by Jaske

bining Egs.(1) and(2), we obtain the following equation: and Simonei3] in finding the constants in E@), the underlying
5 assumption was that ldgwas a random variable following the
logt,= - C Cy logsS (log$S) normal distribution. However, the authors did not discuss the va-
r

+ + +
T.+273.2 C2Tc+ 2732 T3T.+273.2 ®) lidity of this assumption. The log may very well follow some

. other distributions, such as the Weibull distribution.
Jaske and Simon€l8] used Eq.(3) and the least-squares re- In the mathematical model represented by 4}, logS was

gression technique to determine these material constants. chugéted as a dependent variable, while LMP was treated as an
tions (1) and (2) were then used to calculate the average life Eﬂi ependent variable. It assumed that most of the variations in
falre of & ed tube I Ztiﬁfﬁafe"Zh"éi"a'ffg’ﬁ%é?rﬂé“uecéﬁﬂic?@g Scould be represented by a second-order polynomial function
of five to the average life to compute a minimum life. Jaske anrgﬂ(; LMP and the residual variations in I&gfollowed a standard

Simoner{3] also compared their approach to the one suggested rmal distribution. These assumptions contradict the ones used
AP| RP-530[4] and found a significant difference between thgy\]aske and Simond6]. Among temperature, stress, and creep-

upture life, both temperature and stress can be controlled via heat

Comtributed by the P Vessels and Pioing Division f biication i tsource and pressure, respectively. Creep-rupture life should be
ontripute y the Pressure vVessels an Iping Division Tor publication In . . P - - _
JOURNAL OF PRESSUREVESSEL TECHNOLOGY. Manuscript received by the PVP Yfeated as a dependent variable following some statistical distribu

Division, April 8, 1998; revised manuscript received July 6, 2000. Technical Editoﬂpn- Thus, using Eq(4) to estimate the remaining life would not
S. Y. Zamrik. give correct results.
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To find the mathematical relationship between LMP and stre8s Approaches for Fitting Statistical Distributions of
S most researchers use the least-squares regression technigygep-Rupture Life
Conway [6] provided a detailed description on how the least-
squares method should be used. However, the least-squareBhe Least-Squares Method. The least-squares method as-
method has the limitation that it is only valid when the dependestimes that LMP follows the normal distribution, or equivalently,
variable(LMP in our casgfollows the normal distribution. In this t, follows a lognormal distribution. It may be used to find the
paper, we will illustrate how to use the least-squares method aparameters ii8) from accelerated life testing data. Linear regres-
the maximum likelihood method properly to fit any statistical dission analysis is available in Microsoft Exdél] and other spread-

tributions that the creep-rupture life may follow. sheet software packages. If one uses the linear regression method,
he/she must at least check the following to validate the model
2 Model Description used:

In this section, we formalize the model structure for fitting the 1 Whether the fitted model shown in E@) can account for
creep-rupture life distribution. The least-squares method is noost of the variations in the observed creep-rupture life data; if
necessarily the one for obtaining the materials constants in t answer is no, one has to fit the data to an equation different
equations. The fundamental assumptions that are used in this fsam the one shown in Eq8). For example, one may expand Eg.

per are as follows: (8) to includen covariablesXy, X,, ..., X,; i.e.,
1 The basic Larson-Miller equation, as shown in Ef, will Int,=—C'+CiX;+C3X,+ ... +C/X, (14)
be used.

2 The creep-rupture life is the random variable whose medi4f€ren=3.

or other location parameter is a function of temperature and stress//hether the assumption that the natural logarithm of the creep-

Temperature and stress are treated as control variables. rupture life follows the normal distribution, or equivalently,

3 The average LMP can be represented by a polynomial fur}?hether the creep-rupture life follows the lognormal distribution;
tion of log(S) as proposed by Conwa§q. (2—34 in [6)). If the answer is no, then the least-squares method cannot be used

to fit the mathematical relationship between LMdhd InS. One
Sincet, is probabilistic andT ., is deterministic, we know from has to try other methods which allow the creep-rupture life to
Eq. (1) that LMP is also probabilistic. As a result, EQ) should follow other distributions.
be interpreted as that the average of LMP can be represented by
second-order polynomial function of I&g( In the following, we
will use the second-order polynomial function shown in Ej.to
illustrate the correct approaches for fitting statistical distributio
of creep rupture life. The approaches to be discussed are also v: . h .
for a general polynomial function. To enable us to fit differenfo! Mmore details. In the following, we use the output from Mi-
rosoft Excel to illustrate the two foregoing critical tests.

statistical distributions to rupture life, we prefer the natural Iogac- :
rithm to common logarithm in the models. Equatidas and (2) /€ used Microsoft Excel 97 to analyze 109 accelerated creep-
can be written in the following form when the natural logarithm iSUPture life testing data points of low Si HP alloy produced by a
used instead: manufacturer. Linear regression was L_Jsed to fit the(E}_q.The
output from the software is shown in Fig. 1. The following is the
LMP'=(T.+273.2(Int,+C’) (5) fitted equation:

LMP’=C}+CjXIn S+C3X(In S)? (6) 67844.79 3376.2&InS

In tsg= —40.7534+
where LMP, C’, andC/ for i=1,2,3 are the corresponding pa- Tet2732  Tc+273.2
rameters when natural logarithm is used in the equations. 1441.72(In S)?
Equations(5) and(6) can be combined to generate the follow- T T Ta2732
c .

ing equations:
Because the natural logarithm of the creep-rupture life is assumed
—C'+C! + to follow the normal distribution, the fitted Eq15) relates the
T +273.2 7T +273.2° 3T +273.2 natural logarithm of the 50th percentile of the creep-rupture life to
(7)  temperature and stress. From Fig. 1, we can see that the “R
— / / , Square” of the model is equal to 0.9255, pretty close to 1. This
Nt =—C'+C X+ CoXo+ C3Xq ®) means that 92.55 percent of the variations in the creep-rupture life
whereX;=(In 9 ~YT,+273.2 fori=1,2, and 3 ancC’, C;, C;, datacan b_e explained_b_y the fitted model in Etﬁ)_. This pretty N
and C4, are constants to be obtained from data analysis, to B#/Ch confirms the validity of foregoing assumption 1. For utili-
discussed later. A general form of E@) when f(S) is an nth- zation of other results in Fig. 1, readers are referre[d}@nd[B].
order polynomial function of log is given by Conway6]. In ordgr to check the validity of the assumption that the creep-
The left side of Eq.(8) should be interpreted as the naturafupture life foIIow§ the lognormal dlstrlbut|c_>n, we plotted a h_|s-
logarithm of the location parameter of the underlying distributiofo9ram of the residuals between the logarithms of the predicted
More explanations will be provided in Section 3 using exampleifé using Eq.(15) and the logarithms of the life data we hddg.
Equation(2) uses the common logarithm, while E@) uses the 2). If_the assumption is valid, the hlstog_ram should exhibit a sym-
natural logarithm. The relationship between the parameters MEc, bell-shaped curve. However, Fig. 2 shows that the histo-

these two equations can be easily verified to be as follows: ~ 9ram is not symmetric; rather, it is skewed to the left. This shows
that the second assumption is not satisfied. Thus, the fitted model

Bther tests may have to be conducted to validate the model

obtained through the least-squares method; for example, whether
me of the fitted paramete® (i=1,2, ... n) are significantly

'g rent from 0. The readers may refer to Draper and Siéih

(15)

InS (InS)?

’ !

Int,=

LMP=LMP’ Xloge (9) shown in Eq.(15) is not valid.

C=C'xloge (10) It must be emphasized that the right statistical distribution is as
important as the equation representing the relationship between

C,=C]xloge (11) the average of the logarithm of the creep-rupture life and the
control variables, namely, stress and temperature. In reliability

C,=C, (12) analysis or remaining life estimation of engineering devices, we

are more interested in the remaining duration that the device can

C3=Cglloge (13)  work reliably, say failure-free with a probability of 95 percent or
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SUMMARY OUTPUT

,5egression Statistics
Multiple R 0.9620
R Square 0.9255
Adjusted R Squaf 0.9233
Standard Error 0.3833
Observations 109
ANOVA
df S MS | F | Significance F |

Regression 3 191.5314] 63.8438] 434.5051] _ 5.0301E-59]
[Residual 105 15.4281] _ 0.1469]
Total 108 206.9505 |

Coefficients | Standard Error | t Stat | P-value | Lower 95% |Upper 95% [ Cower 95.0% | Upper 95.0%
Intercept -40.7534 1.39_|_|773 -20.1648] 3.66E-52 -43.5240 -37.9827 -43.5240 -37.9827|
X1 67844.7897] 1928.4011] 35.1819] 6.31E-60]  64021.1238| 71668.4556] 64021.1238| 71668.4556|
X2 -3376.2791 624.2582] -5.4085 4.025:|-o7 -4614.0686] -2138.4806] -4614.0686] -2138.4896
X3 -1441.7220 217.5114] -6.6283] 1.5E-09]  -1873.0072] -1010.4367] -1873.0072] -1010.4367]

Fig. 1 Microsoft Excel output from linear regression analysis

higher. This means that we are more interested in the 5th or lower ptA1 p
percentiles of the creep-rupture life, rather than the 50th percentilgrobability density function: f(t)= —Be’(“‘” , t>0
as shown in all the fitted equations from the least-squares method. @ 17
If a wrong statistical distribution is used, large errors may result (17
when one calculates the lower percentiles of the creep-rupture life. pth percentile: t,=a[ —In(1— p)]ve (18)
That is why the assumption of the lognormal distribution must be

validated before the fitted model can be used in the assessment/Bgre a and B are the location and shape parameters of the
the remaining life of an engineering device. Weibull distribution, respectivelyx is also called the characteris-

tic life of t,, and it is equal to the 63.2th percentile of the random
The Maximum Likelihood Method. The maximum likeli- variablet, . The mean and variance tf are
hood method may be used to fit the parameters of any statistical

distribution. Readers may refer to Freung and Walgj8lefor a E(t)=al| 1+ E (19)
discussion of this method. Suppose the creep-rupture life follows e B
the Weibull distribution with the following: 5
2 1
cumulative distribution function: F(t)=1—e V" >0 Var(t)=eo?|T| 1+ E)* Il1+ ,E) ) (20)
(16)
where the Gamma function is defined as
F(z)zJ' u*le Ydu, z>0 (21)
0
Residual Histogram ) o )
The logarithm of the characteristic lif@ may be considered a
18 — : function of temperature and stress in the form shown in (&g.
The shape parameter is assumed to be a constant. W&ttact
16 creep-rupture life data points, we can construct the following like-
14 1 lihood function if we feel that the rupture life may follow the
Weibull distribution:
12 -+ n
B—1
5 ’ ’ ’ ’ _ Btri
10 + LC1C 1C 1C1 - ’ ’ ’ !
: (c'.c;.¢5.¢5.8=11 [(ai(c L Ch)
g s
- X F{ ( Ly )B) ]
6 -+ eXQ —\ =~~~y
L ;(C",C1,C;,Cy)
41 (22)
2+ I | |I| where  ¢«;(C',C;,C;,C3)=—C'+(Cy/T¢+273.2+C;InS/
0 il L n (T+273.2y+ C4(In S)¥(T4+273.2), T; andS; are the tempera-
16 -12 08 04 0O 04 08 12 16 ture and stress, respectively, corresponding to the observed exact
Residuals rupture lifet,;(i=1,2, ... n). The likelihood function in Eq(22)
is then maximized to find the paramet&@5, C;, C;, Cg, andg.
Fig. 2 Histogram of the residuals of the fitted model A different likelihood function may be constructed if one suspects

484 [/ Vol. 122, NOVEMBER 2000 Transactions of the ASME



that the life may follow a different distribution. This new likeli- % '
hood function may then be maximized to find another set of p.
rameter estimates. The life distribution that gives the highe
maximum likelihood function value provides the best represent *°
tion of the observed creep rupture data. That distribution togett
with the parameter estimates should be used in future remaini
life assessment of the materials in use.

If the lognormal distribution is assumed, the following func-
tions should be used:

30+

Stress = 2.223 ksi

20|

Ln(t50)

f(t)= e VaAnt-plo)? 1~ (23)
ot\2m 10f i
Int—pu
F(t)y=d , t>0 (24) ol |
o

where ®() is the cumulative distribution function of a standarc

normal random variabley is a constant, ang. is dependent on -9~ s s o P - a0
stress and temperature. The mean and variance of rupturg life Temperature in Celsius
are
5 Fig. 4 The relationship between median life and temperature

E(t,)=MTTF=g#to72 (25)

Var(t,)=(e” — 1)e#* 7" (26)
where MTTF represents mean time to failure. Thefd®Qognor- butions in one run. The distribution with the largest maximum
mal percentile is likelihood function value can then be selected to be the model of

. choice.
ty=ef @7) With the accelerated rupture life testing data from the manufac-

wherez, is the 10@th percentile of a standard normal randoniurer of a heat-resistant alloy, we fit the failure data to the pro-
variable. The 50th percentilg,=e*. posed model. Both Weibull and lognormal distributions were fit to

The LIFEREG procedure in SABLO] may be used for fitting the failure data. For the HP 4(Nb alloy, we found that the log-

creep-rupture life distributions. The procedure uses the maximdarmal distribution provided a better fit. The fitted equations were
likelihood method to determine the parameters of the considered

statistical distribution for the rupture life. It can fit parametric 78979.29 5089.16<InS
models to failure data that may be right, left, or interval-censored. Intso=—47.5747% 12732  T.1273.2
. . . - c . c .
The models for the response variable, i.e., creep-rupture life in our
study, consist of a linear effect of a few parameters with a few 1434.56<(In S)2
covariables, namely stress and temperature, together with a ran- T T T 12732 (28)
c .

dom disturbance term. The distribution of the random disturbance
can be taken from a class of distributions that includes the ex-

treme value, normal, and logistic distributions, and by using a log LMP’ = (T +273.2(Intso+47.5747%/1000 (29)
transformation, exponential, Weibull, lognormal, loglogistic, and
gamma distributions. The advantage of this package is that there =78.9793-5.0892¢ In S—1.4346¢ (In S)2 (30)

is a uniform structure for fitting all these different possible distri-

Equivalently, when the common logarithm is used, we have

20 T T T T T T T

Temperature = 932 Degrees Celsius

Ln(t50)
[=]
T

Stress = 2.223 ksi

Temperature = 932 Degrees Celsius

0 02 04 06 08 - 1 n 12 14 16 18 2 % 5 10 15 20 25 30 35 20 45 50
ime In hours x10 Stress in ksi
Fig. 3 Probability density function of the rupture life Fig. 5 The relationship between median life and stress
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Table 1 Comparison of estimated lives by the manufacturer and the proposed model

Temperature in | Stressin | Minimum Life given From the Proposed Model

Celsius ksi by Manufacturer |75 5t Percentile [5th Percentile [ 10th Percentile
900 3.558 100,000 67,337 81,033 100,306

910 3.338 100,000 64,712 77,875 96,397

920 3.121 100,000 63,107 75,943 94,005

930 2.909 100,000 62,212 74,866 92,672

940 2.703 100,000 61,875 74,460 92,170

950 2.503 100,000 62,100 74,732 92,506

960 2.311 100,000 62,580 75,309 93,220

970 2.127 100,000 63,292 76,165 94,280

980 1.952 100,000 64,026 77,049 95,375

990 1.785 100,000 64,913 78,116 - 96,695

1000 1.628 100,000 65,494 78,816 97,562
1010 1.479 100,000 66,075 79,515 98,426
1020 1.34 100,000 66,120 79,569 98,493
1030 1.21 100,000 65,707 79,072 97,878
1040 1.09 100,000 64,458 77,569 96,018
1050 0.978 100,000 62,715 75,471 93,421
1060 0.875 100,000 60,124 72,353 89,562
1070 0.78 100,000 56,842 68,404 84,673
1080 0.694 100,000 52,595 63,293 78,347
1090 0615] 100,000 47,862 57,597 71,296
1100 0.543 100,000 42,683 51,364 63,581
1110 0.478 100,000 37,158 44,716 55,352
1120 0.42 100,000 31,455 37,853 46,856
1130 0.367 100,000 26,020 31,312 38,760

34300.27 5089.16<logS 31803.81 830.81xlogS

T +2732 T, +273.2
3303.21X (log S)?

T.+2732 T.+2732
5516.30< (log S)?

T.+273.2 (31) T.+2732 (36)
LMP=(T+273.2(log tso+ 20.6614/1000 LMP’ = (T+273.2(10g tgs »+ 19.5057/1000
=34.3003-5.0892< log S—3.3032<(log S)?  (32) =31.8038-0.8308 logS— 5.5163< (logS)2  (37)

The probability density function of the rupture life under a ;
temperature of 932°C and a stress of 2.223 ksi is shown in Fig.%. Summary and Conclusion
The median life,tsy, as a function of temperaturg, given S This paper outlines the approaches for fitting creep-rupture life
=2.223ksi, is shown in Fig. 4. The median lifg, as a function distributions. Most engineering literature in this area does not dis-
of stressS given T,=932°C, is shown in Fig. 5. The percentilescuss the underlying assumptions used. It should be realized that
of the rupture life obtained from the proposed model in this papg@metimes these assumptions are not satisfied. With the points
under the minimum rupture stress at given temperatures are cdivered in this paper, the user should be able to find the right
pared with the 100,000-h rupture life provided by the manufactugtatistical distribution of the rupture life with the location param-
ers (Table 1. The calculated 2.5th rupture life percentiles aréter of the rupture life represented by a function of stress and
around 62,000 h, about 62 percent of the rupture life specified Bymperature.
the manufacturer when the temperature is 930°C and the stress is
2.909 ksi. _ _ _Acknowledgment
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