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This paper comments on using the Larson-Miller parameter to fit the creep-rupture
distribution as a function of temperature and stress. The commonly used least-sq
linear regression method assumes that the creep-rupture life follows the lognorma
tribution. Most engineering literature does not discuss the validity of this assumptio
this paper, we outline the procedure for validating two critical assumptions when
least-squares method is used. The maximum likelihood method is suggested as an
native and more powerful method for fitting creep-rupture life distributions. Examples
given to demonstrate the use of these two methods using Microsoft Excel and the
REG procedure in SAS.@S0094-9930~00!00504-7#
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1 Introduction
Manufacturers usually conduct accelerated creep-rupture

tests of materials. The data obtained from these tests include
perature, stress, and time to rupture. The data from these tes
used to estimate the life distribution of these materials. Vari
equations have been proposed to represent the relation
among these variables@1#. The use of time-temperature param
eters ~TTPs! for presenting and extrapolating high-temperatu
creep-rupture data has been practiced for many years. A TT
basically a function correlating the creep-rupture test variable
stress~load!, temperature, and time.

One of the commonly used time-temperature parameters is
Larson-Miller ~L-M ! parameter

LMP5 f ~S!5~Tc1273.2!~ log t r1C! (1)

where LMP is the Larson-Miller parameter,S is the stress,Tc is
temperature in Celsius,t r is time to rupture in hours, log repre
sents the common~base 10! logarithm, andC is a material con-
stant @2#. The stress may be measured in N/m2 or psi. In this
paper, we use kilo pounds per square inch~ksi! as the unit of
measure for stress.

As to the form off (S) in Eq. ~1!, Jaske and Simonen@3# used
the following equation for the HP-50 and Nb-modified HP alloy

LMP5 f ~S!5C11C2 log S1C3~ log S!2 (2)

whereC1 , C2 , and C3 are material constants to be determin
from analysis of accelerated creep-rupture life testing data. C
bining Eqs.~1! and ~2!, we obtain the following equation:

log t r52C1
C1

Tc1273.2
1C2

log S

Tc1273.2
1C3

~ log S!2

Tc1273.2
(3)

Jaske and Simonen@3# used Eq.~3! and the least-squares re
gression technique to determine these material constants. E
tions ~1! and ~2! were then used to calculate the average life
given temperature and stress. For predicting the time to the
failure of a fired tube in a furnace, they applied a reduction fac
of five to the average life to compute a minimum life. Jaske a
Simonen@3# also compared their approach to the one suggeste
API RP-530@4# and found a significant difference between t
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estimated minimum lives by the two approaches. The appro
used by Jaske and Simonen@3# was more accurate because AP
530 used the simple mean diameter formula to compute a si
stress value, while the method by Jaske and Simonen@3# used
finite element stress analysis to compute the stress distribu
through the tube wall as a function of operating history and c
sidered both creep and the relaxation and redistribution of ther
stress.

Some material manufacturers use a different mathema
equation to represent the relationship between LMP and logS, as
shown in the following:

log S5A11A23LMP1A33~LMP!2 (4)

whereA1 , A2 , andA3 , are material constants to be determin
from analysis of accelerated life testing data. These manufactu
also use the least-squares method to determine these materia
stants. They obtain the lower 95-percent confidence limit of loS
for the purpose of calculating the minimum creep-rupture life
the alloy.

Nelson@5# mentions that the techniques for accelerated life d
analysis can be used to estimate various life percentiles of c
ponents using the Larson-Miller parameter. He also states tha
scatter in life is often ignored in metallurgical studies. Neither t
manufacturers nor Jaske and Simonen@3# address the statistica
distributions that the creep-rupture life may follow.

Because the least-squares regression method was used by
and Simonen@3# in finding the constants in Eq.~3!, the underlying
assumption was that logtr was a random variable following the
normal distribution. However, the authors did not discuss the
lidity of this assumption. The logtr may very well follow some
other distributions, such as the Weibull distribution.

In the mathematical model represented by Eq.~4!, logS was
treated as a dependent variable, while LMP was treated a
independent variable. It assumed that most of the variation
log Scould be represented by a second-order polynomial func
of LMP and the residual variations in logS followed a standard
normal distribution. These assumptions contradict the ones u
by Jaske and Simonen@3#. Among temperature, stress, and cree
rupture life, both temperature and stress can be controlled via
source and pressure, respectively. Creep-rupture life should
treated as a dependent variable following some statistical distr
tion. Thus, using Eq.~4! to estimate the remaining life would no
give correct results.

the

or:
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To find the mathematical relationship between LMP and str
S, most researchers use the least-squares regression tech
Conway @6# provided a detailed description on how the lea
squares method should be used. However, the least-squ
method has the limitation that it is only valid when the depend
variable~LMP in our case! follows the normal distribution. In this
paper, we will illustrate how to use the least-squares method
the maximum likelihood method properly to fit any statistical d
tributions that the creep-rupture life may follow.

2 Model Description
In this section, we formalize the model structure for fitting t

creep-rupture life distribution. The least-squares method is
necessarily the one for obtaining the materials constants in
equations. The fundamental assumptions that are used in thi
per are as follows:

1 The basic Larson-Miller equation, as shown in Eq.~1!, will
be used.

2 The creep-rupture life is the random variable whose med
or other location parameter is a function of temperature and st
Temperature and stress are treated as control variables.

3 The average LMP can be represented by a polynomial fu
tion of log(S) as proposed by Conway~Eq. ~2–34! in @6#!.

Sincet r is probabilistic andTc is deterministic, we know from
Eq. ~1! that LMP is also probabilistic. As a result, Eq.~2! should
be interpreted as that the average of LMP can be represented
second-order polynomial function of log(S). In the following, we
will use the second-order polynomial function shown in Eq.~2! to
illustrate the correct approaches for fitting statistical distributio
of creep rupture life. The approaches to be discussed are also
for a general polynomial function. To enable us to fit differe
statistical distributions to rupture life, we prefer the natural log
rithm to common logarithm in the models. Equations~1! and ~2!
can be written in the following form when the natural logarithm
used instead:

LMP85~Tc1273.2!~ ln t r1C8! (5)

LMP85C181C283 ln S1C383~ ln S!2 (6)

where LMP8, C8, andCi8 for i 51,2,3 are the corresponding pa
rameters when natural logarithm is used in the equations.

Equations~5! and ~6! can be combined to generate the follow
ing equations:

ln t r52C81C18
1

Tc1273.2
1C28

ln S

Tc1273.2
1C38

~ ln S!2

Tc1273.2
(7)

ln t r52C81C18X11C28X21C38X3 (8)

whereXi5(ln S)i21/Tc1273.2 fori 51,2, and 3 andC8, C18 , C28 ,
and C38 , are constants to be obtained from data analysis, to
discussed later. A general form of Eq.~8! when f (S) is an nth-
order polynomial function of log(S) is given by Conway@6#.

The left side of Eq.~8! should be interpreted as the natur
logarithm of the location parameter of the underlying distributio
More explanations will be provided in Section 3 using exampl
Equation~2! uses the common logarithm, while Eq.~6! uses the
natural logarithm. The relationship between the parameter
these two equations can be easily verified to be as follows:

LMP5LMP83 log e (9)

C5C83 log e (10)

C15C183 log e (11)

C25C28 (12)

C35C38/ log e (13)
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3 Approaches for Fitting Statistical Distributions of
Creep-Rupture Life

The Least-Squares Method. The least-squares method a
sumes that LMP follows the normal distribution, or equivalent
t r follows a lognormal distribution. It may be used to find th
parameters in~8! from accelerated life testing data. Linear regre
sion analysis is available in Microsoft Excel@7# and other spread-
sheet software packages. If one uses the linear regression me
he/she must at least check the following to validate the mo
used:

1 Whether the fitted model shown in Eq.~8! can account for
most of the variations in the observed creep-rupture life data
the answer is no, one has to fit the data to an equation diffe
from the one shown in Eq.~8!. For example, one may expand E
~8! to includen covariablesX1 , X2 , . . . , Xn ; i.e.,

ln t r52C81C18X11C28X21 . . . 1Cn8Xn (14)

wheren>3.
Whether the assumption that the natural logarithm of the cre

rupture life follows the normal distribution, or equivalently
whether the creep-rupture life follows the lognormal distributio
if the answer is no, then the least-squares method cannot be
to fit the mathematical relationship between LMP8 and lnS. One
has to try other methods which allow the creep-rupture life
follow other distributions.

Other tests may have to be conducted to validate the mo
obtained through the least-squares method; for example, whe
some of the fitted parametersCi8( i 51,2, . . . ,n) are significantly
different from 0. The readers may refer to Draper and Smith@8#
for more details. In the following, we use the output from M
crosoft Excel to illustrate the two foregoing critical tests.

We used Microsoft Excel 97 to analyze 109 accelerated cre
rupture life testing data points of low Si HP alloy produced by
manufacturer. Linear regression was used to fit the Eq.~7!. The
output from the software is shown in Fig. 1. The following is th
fitted equation:

ln t505240.75341
67844.79

Tc1273.2
2

3376.283 ln S

Tc1273.2

2
1441.723~ ln S!2

Tc1273.2
(15)

Because the natural logarithm of the creep-rupture life is assu
to follow the normal distribution, the fitted Eq.~15! relates the
natural logarithm of the 50th percentile of the creep-rupture life
temperature and stress. From Fig. 1, we can see that the
Square’’ of the model is equal to 0.9255, pretty close to 1. T
means that 92.55 percent of the variations in the creep-rupture
data can be explained by the fitted model in Eq.~15!. This pretty
much confirms the validity of foregoing assumption 1. For uti
zation of other results in Fig. 1, readers are referred to@7# and@8#.

In order to check the validity of the assumption that the cre
rupture life follows the lognormal distribution, we plotted a hi
togram of the residuals between the logarithms of the predic
life using Eq.~15! and the logarithms of the life data we had~Fig.
2!. If the assumption is valid, the histogram should exhibit a sy
metric, bell-shaped curve. However, Fig. 2 shows that the hi
gram is not symmetric; rather, it is skewed to the left. This sho
that the second assumption is not satisfied. Thus, the fitted m
shown in Eq.~15! is not valid.

It must be emphasized that the right statistical distribution is
important as the equation representing the relationship betw
the average of the logarithm of the creep-rupture life and
control variables, namely, stress and temperature. In reliab
analysis or remaining life estimation of engineering devices,
are more interested in the remaining duration that the device
work reliably, say failure-free with a probability of 95 percent
NOVEMBER 2000, Vol. 122 Õ 483



Fig. 1 Microsoft Excel output from linear regression analysis
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higher. This means that we are more interested in the 5th or lo
percentiles of the creep-rupture life, rather than the 50th perce
as shown in all the fitted equations from the least-squares met
If a wrong statistical distribution is used, large errors may res
when one calculates the lower percentiles of the creep-rupture
That is why the assumption of the lognormal distribution must
validated before the fitted model can be used in the assessme
the remaining life of an engineering device.

The Maximum Likelihood Method. The maximum likeli-
hood method may be used to fit the parameters of any statis
distribution. Readers may refer to Freung and Walpole@9# for a
discussion of this method. Suppose the creep-rupture life follo
the Weibull distribution with the following:

cumulative distribution function: F~ t !512e2~ t/a!b
, t.0

(16)

Fig. 2 Histogram of the residuals of the fitted model
484 Õ Vol. 122, NOVEMBER 2000
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probability density function: f ~ t !5
btb21

ab e2~ t/a!b
, t.0

(17)

pth percentile: tp5a@2 ln~12p!#1/b (18)

where a and b are the location and shape parameters of
Weibull distribution, respectively.a is also called the characteris
tic life of t r , and it is equal to the 63.2th percentile of the rando
variablet r . The mean and variance oft r are

E~ t r !5aGS 11
1

b D (19)

Var~ t r !5a2S GS 11
2

b D2FGS 11
1

b D G2D (20)

where the Gamma function is defined as

G~z!5E
0

`

uz21e2udu, z.0 (21)

The logarithm of the characteristic lifea may be considered a
function of temperature and stress in the form shown in Eq.~7!.
The shape parameter is assumed to be a constant. Withn exact
creep-rupture life data points, we can construct the following lik
lihood function if we feel that the rupture life may follow th
Weibull distribution:

L~C8,C18 ,C28 ,C38 ,b!5)
i 51

n H bt ri
b21

~a i~C8,C18 ,C28 ,C38!!b

3expS 2S t ri

a i~C8,C18 ,C28 ,C38! D
bD J

(22)

where a i(C8,C18 ,C28 ,C38)52C81(C18/Tci1273.2)1C28 ln Si /
(Tci1273.2)1C38(ln Si)

2/(Tci1273.2),Tci andSi are the tempera-
ture and stress, respectively, corresponding to the observed e
rupture lifet ri ( i 51,2, . . . ,n). The likelihood function in Eq.~22!
is then maximized to find the parametersC8, C18 , C28 , C38 , andb.
A different likelihood function may be constructed if one suspe
Transactions of the ASME
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that the life may follow a different distribution. This new likeli
hood function may then be maximized to find another set of
rameter estimates. The life distribution that gives the high
maximum likelihood function value provides the best represen
tion of the observed creep rupture data. That distribution toge
with the parameter estimates should be used in future remai
life assessment of the materials in use.

If the lognormal distribution is assumed, the following fun
tions should be used:

f ~ t !5
1

stA2p
e21/2~ ln t2m/s!2

, t.0 (23)

F~ t !5FS ln t2m

s
D , t.0 (24)

where F~! is the cumulative distribution function of a standa
normal random variable,s is a constant, andm is dependent on
stress and temperature. The mean and variance of rupture lit r
are

E~ t r !5MTTF5em1s2/2 (25)

Var~ t r !5~es2
21!em1s2

(26)

where MTTF represents mean time to failure. The 100pth lognor-
mal percentile is

tp5em1zps (27)

wherezp is the 100pth percentile of a standard normal rando
variable. The 50th percentilet505em.

The LIFEREG procedure in SAS@10# may be used for fitting
creep-rupture life distributions. The procedure uses the maxim
likelihood method to determine the parameters of the conside
statistical distribution for the rupture life. It can fit parametr
models to failure data that may be right, left, or interval-censor
The models for the response variable, i.e., creep-rupture life in
study, consist of a linear effect of a few parameters with a f
covariables, namely stress and temperature, together with a
dom disturbance term. The distribution of the random disturba
can be taken from a class of distributions that includes the
treme value, normal, and logistic distributions, and by using a
transformation, exponential, Weibull, lognormal, loglogistic, a
gamma distributions. The advantage of this package is that th
is a uniform structure for fitting all these different possible dist

Fig. 3 Probability density function of the rupture life
Journal of Pressure Vessel Technology
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butions in one run. The distribution with the largest maximu
likelihood function value can then be selected to be the mode
choice.

With the accelerated rupture life testing data from the manuf
turer of a heat-resistant alloy, we fit the failure data to the p
posed model. Both Weibull and lognormal distributions were fit
the failure data. For the HP 401Nb alloy, we found that the log-
normal distribution provided a better fit. The fitted equations w

ln t505247.57471
78979.29

Tc1273.2
2

5089.163 ln S

Tc1273.2

2
1434.563~ ln S!2

Tc1273.2
(28)

LMP85~Tc1273.2!~ ln t50147.5747!/1000 (29)

578.979325.08923 ln S21.43463~ ln S!2 (30)

Equivalently, when the common logarithm is used, we have

Fig. 4 The relationship between median life and temperature

Fig. 5 The relationship between median life and stress
NOVEMBER 2000, Vol. 122 Õ 485
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Table 1 Comparison of estimated lives by the manufacturer and the proposed model
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log t505220.66141
34300.27

Tc1273.2
2

5089.163 log S

Tc1273.2

2
3303.213~ log S!2

Tc1273.2
(31)

LMP5~Tc1273.2!~ log t50120.6614!/1000

534.300325.08923 log S23.30323~ log S!2 (32)

The probability density function of the rupture lifet r under a
temperature of 932°C and a stress of 2.223 ksi is shown in Fig
The median life,t50, as a function of temperatureTc given S
52.223 ksi, is shown in Fig. 4. The median lifet50 as a function
of stressS given Tc5932°C, is shown in Fig. 5. The percentile
of the rupture life obtained from the proposed model in this pa
under the minimum rupture stress at given temperatures are c
pared with the 100,000-h rupture life provided by the manufac
ers ~Table 1!. The calculated 2.5th rupture life percentiles a
around 62,000 h, about 62 percent of the rupture life specified
the manufacturer when the temperature is 930°C and the stre
2.909 ksi.

For the set of rupture life testing data for the 35C low Si allo
we discovered that the rupture life followed the Weibull distrib
tion. The obtained models are summarized in the following:

b58.1057 (33)

ln t63.25244.91361
73230.99

Tc1273.2
2

830.813 ln S

Tc1273.2

2
2395.73~ ln S!2

Tc1273.2
(34)

LMP85~Tc1273.2!~ ln t63.2144.9136!/1000

573.231020.8308 lnS22.39573~ ln S!2 (35)

Equivalently, when the common logarithms were used, the fi
models were
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ln T63.25219.50571
31803.81

Tc1273.2
2

830.813 log S

Tc1273.2

2
5516.303~ log S!2

Tc1273.2
(36)

LMP85~Tc1273.2!~ log t63.2119.5057!/1000

531.803820.8308 logS25.51633~ log S!2 (37)

4 Summary and Conclusion
This paper outlines the approaches for fitting creep-rupture

distributions. Most engineering literature in this area does not
cuss the underlying assumptions used. It should be realized
sometimes these assumptions are not satisfied. With the p
covered in this paper, the user should be able to find the r
statistical distribution of the rupture life with the location param
eter of the rupture life represented by a function of stress
temperature.
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