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Abstract

In this paper we study a warranty servicing policy for a class of multi-state deteriorating and repairable products.
The manufacturer’s decision to repair or replace a failed item depends on two parameters, the deterioration degree of
the item and the length of the residual warranty period. We examine the optimal value of these two parameters to
minimize the manufacturer’s expected warranty servicing cost per item sold. © 2000 Elsevier Science B.V. All rights

reserved.
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1. Introduction

A warranty is a contract between the consumer
and the manufacturer. The warranty normally
specifies that the manufacturer agrees to replace or
repair a failed item within a predetermined war-
ranty period. The most commonly used warranty
policies include the free replacement warranty
(FRW), the pro-rata warranty, and the combined
warranty (Murthy and Blischke, 1992). Under

* Corresponding author. Tel.: +1 780 492 4466; fax: +1 780
492 2200.
E-mail address: ming.zuo@ualberta.ca (M.J. Zuo).

FRW, the manufacturer agrees to repair or pro-
vide replacements for failed items free of charge up
to a time T from the time of initial purchase, where
T is called the warranty period. If a product is
under a pro-rata warranty, the replacements are
provided under pro-rated cost to the consumer.
Most of the warranty policies are combinations of
simple policies. These policies are specific for dif-
ferent products and are referred to as combination
policies.

With a given warranty policy, the manufacturer
usually has the option of replacing a failed item
with a new one or simply repairing it. Various
research results have been reported on how a
manufacturer should service a given warranty
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utilizing repair and/or replacement in order to
minimize the total expected cost to the manufac-
turer during the warranty period. Nguyen and
Murthy (1984) present models for evaluation of
expected warranty cost and the variance of the
warranty cost considering factors such as (1) gen-
eral product lifetime distribution and time depen-
dent repair cost, (2) good-as-new repair or
replacement, (3) minimal repair, (4) mixture of
replacement and minimal repair, and (5) imperfect
repair. For the FRW with a fixed warranty period
T, Nguyen and Murthy (1986) study another
warranty servicing policy to minimize the expected
warranty servicing cost. When an item fails and is
returned to the manufacturer, the decisions that
the manufacturer has to make are: (1) whether to
replace a failed item by a new one or by a repaired
item from the stock of repaired items; (2) whether
to repair the failed item received or to discard it;
and (3) the type of repair to be carried out. They
propose an optimal servicing strategy for such a
warranty policy. Nguyen and Murthy (1989) ex-
amine the combined FRW with fixed and re-
newed periods of 7 and W, respectively. They
propose an optimal servicing strategy for the
warranty policy. Rao (1995) develops algorithms
for evaluating the total ownership cost and the
cost to the manufacturer for products with the
phase-type lifetime distributions under FRW.
Bohoris and Yun (1995) provide equations for
calculation of the expected value and variance of
the manufacturer’s total warranty costs under the
combined warranty policy, minimal repair, and
Weibull lifetime distributions. Chun and Tang
(1995) determine the warranty price for the FRW
policy assuming constant failure rate, constant
repair cost throughout the warranty period, and
the manufacturer’s and the customer’s risk aver-
sion behavior for future repair costs. Murthy et al.
(1995) propose a warranty policy which incorpo-
rates an incentive feature to reduce customer dis-
satisfaction to defective products. It involves the
manufacturer offering compensation for consum-
ers who experience early product failures as part of
the warranty policy. They study the optimal design
of such a policy considering product quality vari-
ations, the warranty policy, and the servicing
strategy of the manufacturer.

All research results on warranty servicing
strategy reviewed above assume that an item un-
der warranty may experience only two possible
states: working or failed. They do not address the
deterioration of the item along time. The change
in state of the item under warranty is modeled by
Nguyen and Murthy (1984) using imperfect repair
and by Nguyen and Murthy (1989) using re-
placement by another repaired item. In these
cases, the repaired or replaced item may be con-
sidered in a different state because it has a failure
rate function different from the one just before
the failure. However, they do not model multi-
state equipment or items due to natural deterio-
ration.

Derman et al. (1978) study the optimal re-
placement problem of a component where there
are n types of replacements available differing only
in price and the failure rates of exponential life
distributions. Assaf and Levikson (1982) and As-
saf (1982) extend this model to arbitrary and
phase-type life distributions. They all provide
conditions under which there exist an optimal re-
placement policy with the property that category i
replacement is selected if and only if the required
operating time remaining falls within a specified
time interval (#_;, ¢;], for 1 <i<n. These models
do not consider the natural deterioration of the
component and are not suitable for consumer
product warranties where normally the customer’s
item is either replaced with a new one or minimally
repaired. The customer may not like his or her
failed item being replaced with another used one.

In this paper we develop a warranty servicing
model for a class of multi-state deteriorating
products. Each item may experience N different
working states (gradually deteriorating from state
1 to state N). It may fail from any working state.
Therefore, there are N possible failure states.
When an item fails during the warranty period, the
manufacturer has the option of either repairing it
using minimal repair or replacing it with a new one
free of charge to the customers. The problem fac-
ing the manufacturer is to choose appropriate ac-
tions to minimize the total expected servicing cost
during warranty. The manufacturer’s decision on
repair or replacement depends on two variables:
the residual warranty period (from the present
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time to expiration of warranty) and the degree of
deterioration of the failed item.

The remaining part of this paper is organized
as follows. The descriptions and assumptions of
the proposed model are given in Section 2. In
Section 3, we consider a simple model with two
working states that shows how we mathemati-
cally derive the warranty servicing cost and ob-
tain the optimal replacement-repair parameters.
In Section 4 we extend the simple model and
discuss the warranty cost minimization problem
in a general case. Conclusions are provided in
Section 5.

2. Description of model

Consider an item or equipment that deterio-
rates with time. One can model the deterioration
by either a continuous or a discrete variable. We
follow the latter approach involving N discrete
working states numbered from 1 through N.
Working state 1 corresponds to a new item and the
degree of deterioration increases with the working
state so that working state j corresponds to greater
deterioration than working state 7 if j > i. Once the
item enters working state j, it can either fail or
move to working state j+ 1. If it enters a failed
state from working state j, then it can be made
operational either through minimal repair or by
replacement. In the former case, it is restored back
to working state ; and in the latter case it is
brought back to working state 1. In working state
N, when a failure occurs, the item is made opera-
tional by replacement so that the working state
becomes 1 after replacement. Fig. 1 shows all the

possible states of the item and the possible tran-
sitions among the states.

Models of deterioration based on the discrete
approach has the advantage that they are simpler
than the models based on the continuous approach
and are easier to analyze. It can be viewed as an
approximation to the real world where the deteri-
oration is continuous as opposed to discrete.
Lloyd and Lipow (1962) were one of early re-
searchers advocating this approach to modeling
deterioration. Since then, several researchers have
used this approach to model unreliable items.

We model the changes in the states as follows.
Once the item enters working state j it stays in that
state for a random length of time which is given by
an exponential distribution with transition pa-
rameter p;. This implies that the mean time to
transition is 1/y;. The parameter y; decreases as j
increases from 1 to N. The probability that it fails
(and moves to failed state ;) is given by p; and the
probability that it moves to working state j + 1 is
1 —p;.

The item is sold with a FRW policy with a
warranty period 7. This requires the manufacturer
to either repair or provide replacements for failed
items free of charge up to a time 7' from the time of
the initial purchase. The warranty expires at time
T after purchase.

We assume that the item is repairable and that
the manufacturer has the option of either repairing
a failed item or replacing it by a new one when it is
returned under warranty. The repair or replace-
ment time is assumed to be relatively short com-
pared to the mean time between failures and hence
can be treated as negligible. The optimal choice
must be based on minimizing the expected cost. As

Working Pty Working Pty Working Psty - P-1Hy- Working
State 1 State 2 State 3 - State N
(- p)m (=P (I-p3)s Hy
Failure Failure Failure Failure
State 1 State 2 State 3 State N

Fig. 1. State transition diagram of an item.
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such we consider the following replacement—repair
policy:

If the failed item is in failure state i,
1 <i<N, and the residual warranty time is
t, 0<t< T, then it is replaced by a new
one if and only if K+ 1<i<N and ¢ > o
otherwise, it is minimally repaired, where
I<K<Nand 0 <a<T.

Note that the policy is characterized by two pa-
rameters — K and o. The manufacturer has to
select the parameters K and o to minimize the
expected cost of servicing the warranty. Under
this policy, most failed items during the warranty
period would normally be minimally repaired.
However, if an item fails early in the warranty
period and for some reason, the degree of dete-
rioration is large, then it is more economical to
replace it by a new one. As a result, the policy
effectively avoids (a) unnecessary replacements
when the failed item has only experienced minor
deterioration and (b) excessive repairs when the
failed item has already experienced heavy deteri-
oration and the remaining warranty service time
is still long.

Let J(o,K;T) denote the expected warranty
servicing cost per item to the manufacturer under
this warranty servicing policy. Then the problem is
to determine the optimal K and o values which
yield the minimum value for J(o, K; T).

We first consider the case N =2 in which case
K <1 and derive an expression for J(o,K;T)
(Section 3). We then extend the results to the case
N >2 in Section 4. Once an expression for
J(o,K;T) is obtained, the optimal values are ob-
tained using standard optimization techniques as
will be indicated later in the paper.

We use the following notation:

N number of working states and number
of failure states,

T length of the original warranty period,

K a decision variable (1 <K < N),

o a decision variable. (0 < a < T),

c cost of minimal repair given that the

item is failed in state i (i = 1,2,...,N),

cl cost of replacing the failed item given
that it failed in state i i = 1,2,...,N),

U; rate of transition from working state i
i=1,2,...,N),

Di probability that the item enters

working state i + 1 given that it has
made a transition out of working
statei i =1,2,...,N — 1),

1 —p; probability that the item enters failure
state i given that it has made a
transition out of working state i
i=12,...,N—1),

J(o,K;T) expected warranty servicing cost per
item to the manufacturer.

In addition, we make the following assumptions:

(A1) (1 = pi)py < (1 = pa)py
<< (U= pv-) -y < py
(A2) Cr(nl) < C’(n2> <o < C’(anU <CW),

(A3) CV < CP <. < CV-D < V),

(A1) states that as the item deteriorates, it be-
comes more likely to make a transition to a failure
state. Assumptions (A2) and (A3) imply that the
item becomes more costly to replace and repair as
the deterioration increases.

3. Special case (N = 2)

In this section, we confine our discussion to the
case N =2, i.e., the item has only two possible
working states and two possible failure states. For
this case, the replacement-repair policy has the
simplest form with K = 1: the failed item is re-
placed by a new one if and only if it is in failure
state 2 and the residual warranty period is not less
than «; otherwise it is minimally repaired. The
analysis of the method in this situation provides
the basis for the approach used for the more
general case (N > 2) in Section 4.

3.1. Preliminary results

Assume that at time ¢ = 0, the item is new (or in
working state 1). Let X and / represent the time to
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the first failure and the corresponding failure state,
respectively. X and / are two dependent random
variables with X € (0,00) and 7 = {1,2}. In this
subsection, our main task is to find their joint
probability distribution which is useful in our later

analysis.

Define
Fx)=P{X<xand I =i}, i=1,2, (1)
fi) = 0 o @)

The expressions of fi(x) and f>(x) are as follows
(the derivations are given in Appendix A):

filx) = (1= prume™, (3)
pre™, if g = p,

Sl = i (e — ),y # o

Define

my,(x) = > 77 (), (5)
k=1

my () =Y _[fi + A1Y (), (6)

k=1

where fl(k) (x) and [f; + /2]%(x) are the k-fold
convolutions of fi(x) and fi(x) + f>(x), respec-
tively. We have (see Appendix A for the deriva-
tions)

mp, (x) = (1 — pr)pw e, (7)
il
() = e
i (%) 1+ Py
My — (1 +p1 )x
- 1—7>e )Y (8
11( 1+ iy )

3.2. Warranty servicing cost

In this subsection we will obtain the expected
warranty servicing cost per item incurred by the
manufacturer. It is the total of repair and re-
placement costs for the item over its warranty
period (0, TJ.

Additional Notation:

(1) The expected cost to the manufacturer
for the remaining warranty period given
that the item is currently in working
state 1 and the remaining warranty
period is t (0 < ¢t< 7).

B(t) The expected cost to the manufacturer
for the remaining warranty period given
that the item has just entered failure
state 2 and the remaining warranty
period is ¢ (0 < ¢t<T).

The expected total warranty servicing cost per item
to the manufacturer is .«/(7). In the following, we
derive an expression of .o/ (¢). Noting that the item
has exponential sojourn time in each working state
and its repair and replacement times are negligible,
we have

t

(1) = /[c,%” + .o/ (t — x)]f1 (x) dx

0
t
+ [ A0 -0pm o)
0
and
C? + (1), if t>a,
B(1) = (10)
CP+COuyt, if t<o.

We need to consider two different cases in order to
obtain .o7(z).

Case I: t < a.

By substituting Eq. (10) into Eq. (9), we have

w@=/@ﬁwﬂwnmmw

0
t

+ [ €20+ el d, (1)

which can be rewritten as

ﬂmzaoa[wwwﬁmw, (12)
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where

g(t) = |:C’(l)(1 _Pl) — C( )pl ZZ:| (1 — ei'ult)
1

+ COpiat.

Eq. (12) can be written in the following form
(Karlin and Taylor, 1975):

t

() =g(o)+ [[elo = xm x) v (13)

0

Eq. (13) can be easily verified as follows. Taking
Laplace transformation on both sides of Eq. (12),
we get

o) — B9 L[
1*1;1(5") 1*f1(5)

Noting that (f,(s))/(1 — f,(s)) is the Laplace
transformation of function my, (x), we can obtain
Eq. (13).

Using my, (x) from Eq. (7) we have

=8(s) +

1
A1) = Pt + [cf.”u _p)
1

—C(z)&}(l — ey, (14)
T

Case 2: t = o
From Egs. (9) and (10), we have

t

oA () = /[ M o/ (t — x)]fi (x) dx

+ "+ (1= x)]fo(x) d

fie
/

+ [ CPL+ iyt = x)fa(x) dx

t—o

Defining 4(7) = o/ (o + ) for all 7 > 0, we have

(i) = k(i) + / G —x)(fi(x) + f)dr,  (15)

0

where

/f1 dx-l—/,;z/oc—&-t—x)fl( ) dx

/ Sl

4+t /[1 bt i-0pEd.  (16)
Because

o+l

/&z X)fi(x) dx = /&f Vil +7—x)dv

and the expression of ./ (x) in interval x € (0, o] is
given by Eq. (14), k() can be rewritten as

k(i) = U ()ie ' + Vl(oc)e_"'er w, if = p,
Us(a)e ™! + V(e ™' + W, if py # o,
(17)
where
W=CY(1-p)+CPp,
Ui(@) = =CPpiy + Cpiiia,
M) =Clua—1] - COpy
c@_c(—
4 r ( pl)[efp]u]z_(l_pl)}’
b1
U (o) = C (” - )uz m}
Hy — Iy 0
—co P
My — 1y
COu, —Cc(1 =
4 Hy r ( pl):ul [e—pl;zla_(l _pl)};
Py
() =202 — O]

Ho — 1y

Although k(7) has two different forms corre-
sponding to u, =, and pu, # u,, the following
equation reveals their consistency:

lim (Uz(oc)e*"lf + Vz(oc)e*"?f) +w

Ha— 1y

= Uy (a)te ™™ + Vi (a)e ™ + W. (18)
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The proof of Eq. (18) can be completed by direct
manipulation in which the following two results
are used:

et — et

lim —————— = —pyre " — e M
ey —
e*ﬂzt — e*l‘lt _
lim = —fe M
oy =

The solution of Eq. (15) should be in the following
form (Karlin and Taylor, 1975):
i
9(0) = k() + [KG = 0m (0) (19)
0
Substituting k(-) from Eq. (17) and my,.,(-) from

Eq. (8) and simplifying, we have the following
closed form expression for ¥(¢):

t 1= 2 1 — e (A1)t
ofi) = ¢ VPO
to Pk Mo + piiy
1 — e P12 ) -
t (,Uz +p1ule‘(“2+1’1u1)t)
b1y |
Hy [
+ Cﬁz)— (s + pray )
:u2 +p1,u1 L 2 1
1 — e P K
T L (ﬂz +P1M167(/‘2+P1#1)t)
Py ]
c _Piiky s 1 — e~ (tpim)i
mn My + Piiy i Wy + piiy

(20)

Remark. Although k(%) (see Eq. (17)) has different
forms for cases y; = w1, and u; # u,, we find that
%(7) has the same form as shown in Eq. (20). Such
a result is not surprising as one can see from
Eq. (18).

For any given o value, the expected warranty
cost function of the item can be written as

@(0) = A (T) = 9(T — o). (21)

Note that J(o,K; T) is given by €(a) or /(7).
Since K = 1, the only variable for optimisation is o
and this is obtained by minimising J(«, K; T'). This

can be obtained from the usual first order condi-
tions (setting the derivative of J(«, K; T) with re-
spect to o to zero). We now give conditions which
characterize the optimal .

3.3. Optimal policy

Differentiating % (o) given by Eq. (21) with re-
spect to o« and simplifying yields
d€(a) Hy [1

de o +puy
X [=pu (CP = CP) + (CP

m r

= (1= pw)(1 —e )], (22)

We need to consider the following cases:
B1. When

— ef(ﬂﬁmm)(Tw)]

CPuy — V(1 = pi)py
Py

we have d€(a)/do < 0 for all « ( < T). This implies
that % (o) is a non-increasing function in o over
interval [0, T]. Therefore, the optimal o is given by

Y=+

m r

(1 _e_PlﬂlT)’

o =T. (23)
B2. When
2 1
o < co L G =GV = p)n (1= emmTy,

Pty
by solving d€(a)/da = 0, we have

1 c® _cO
OC* — _ ln _ (z)pl:ul( Wzl) r ) (24)
pith Gl — G (L —piy

and
dé(a) (<0, if <o,

do { >0, if o> at. (25)
We can summarize this as follows.

Cl. If
2 1

c? > 4 CPuy — V(1 = p)py (1 —enmT),

Priy

the optimal replacement-repair policy is to repair
all failures during the warranty period (0, 7] and
do no replacement.
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Cﬁz)ﬂz - Cﬁl)(l _pl):ul (1 o e—Pl/LlT),
b1y

the optimal policy is to replace the item with a new
one if it is in failure state 2 and the remaining
warranty period is longer than o* € (0, 7], where
o is given by Eq. (24), and to repair the item
otherwise.

4. General case (N > 2)

We now consider the general case with N > 3.
Our goal in this section is to develop an effective
algorithm for finding the optimal parameters (K*
and o*) for the warranty servicing policy.

4.1. Joint distribution of failure time and failure
State

As before let X; and I; represent the time to the
first failure and the corresponding failure state,
respectively, under the assumption that the item is
in working state i (i=1,2,...,N) at time ¢ =0.
Clearly, X; and [; are two dependent random
variables where X; € (0, co) and [; = i,i+ 1,...,N.
Define

Fy(x) = Pr{X;<x and [, = j},
j=ii+1,...,N; 1<i<N

dF;;(x) o
Jij(x) = djx . 1<i<j<N.

The deterioration process of the item can be re-
garded as a Markov process with 2N possible
states (see Fig. 1). There are N absorbing states
which represent the N failure states of the item.
The approach we use to derive f;;(¢) is similar to
that used in Section 3. Define

Pi(¢) = Pr{The item is in working state

iattimet}, i=12...,N
Q:(t)= Pr{The item is in failure state
iattime ¢}, i=1,2,...,N

The Kolmogorov’s equations for this Markov
process are (Ross, 1983):

Py(2)
d | P
de|
Py (1)
—H (o)
e - (1)
PN-1ly_1  — My Py(1)
(26)
d%t(t):(l_Pi),“iPi(t)? i=L....N-1, (27)
dQ(ii\’t(t) — :uNPN(t)' (28)

If we assume that P (0) =1, P,(0) =0 for all
i=1,...,k—1,k+1,...,N, and Q;(0) =0 for
i=1,2,...,N, then the Q;(t) obtained by solving
Eqgs. (26)—(28) should equal to Fj;(f) for all
k<j<N. In other words, solving Egs. (26)—(28)
under different initial conditions, we can obtain
F;(t) and fi;(¢) for all 1 <k<j<N.

4.2. Warranty servicing cost

The approach used in this section is similar to
that used in Section 3.2. Let .o/;(¢) represent the
expected cost to the manufacturer during the re-
maining warranty period given that the item is in
working state i (i =1,2,...,N) and the length of
the remaining warranty period is ¢ (0 << 7).
Then, the expected total warranty servicing cost
per item to the manufacturer is given by .<,(T). In
the following, we write the integral equations for
o/ (t) and these are derived in a manner similar to
that in Section 3.2. Two different cases need to be
considered:

Case I': t < o.

Z/W+ﬂ>mmwm,

fori=1,2,...,N. (29)
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Case 2"t = .

i) + é]‘[c,w +.o,(x)]

filt—x) dvt 3 ICY -+, (v)
tii(t) = j=K+1a

St — )dx fori=1,2,.

¥i(0) +ZIC“ + 1 (x)]

St — j) dx, for i=K+1,...,N

(30)

where

N o
0= [1e0+ o @lfy(e - x)ar
=i 7,
aLt<Tand i=1,2,...,N

It is difficult to obtain closed form solutions of
Eqgs. (29) and (30). However, they can be easily
evaluated numerically. Our goal is to calculate the
warranty servicing cost .o7(T) (T = «). It is ob-
vious that .7;(¢) is a continuous function of ¢ over
interval (0, 7). Thus, we propose the following
algorithm for finding a numerical solution of
o(t).

The expected warranty servicing cost J (o, K; T)
is given by /(7). Note that this is a mixed opti-
mization problem since « is a real variable and X is
an integer. One way of obtaining the optimal
values is as follows. For a fixed K, obtain the op-
timal o (= a*(K)) by the usual method. Then K*,
the optimal K, is obtained by minimizing
J(0*(K),K;T). Note that this is an integer opti-
mization problem. An exhaustive approach start-
ing with K = 1 can be used to obtain K*. Once this
is obtained, the optimal « is given by o* = o*(K*).

In general, it is impossible to obtain an
J(o,K; T) analytically. One needs to use a com-
putational approach to obtain it. We propose the
following algorithm to obtain it.

Algorithm. Let t=T/hand t, =17,/ =0,1,...,h,
where / determines the accuracy of the numerical
solutions. The higher the value of %, the more
accurate the numerical solution. Obviously, ) = 0
and t, = T. Let o = 0 for some fixed 0 (1 <O<h).

Step 1: For I =1,...,
Eq. (29) as follows:

0, we can approximate

tk+|

Zz/cow Oty — x)d
D)3
z:l,Z,...,N, (31)

where 4,(f)) = 4;(0) =0 for all i =1,2,.
Step 2: For [=0+1,...,h, we have can ap-
proximate Eq. (30) as follows:

I+ ot )l — )7

bt + 32 [ SICO + o (u)
St = tk)f- + Aﬁ: li[c,%’j + 1 (&)

for 1<i<Kk,

N [iI-1
Vi(tr) + 22| SICY + o1 (1)
Jj=i Lk=0
fylti=t)t|, for K+ 1<i<N,

(32)

o Z(Z CO 4ot (1)) 1 — >>,

J=i k=0

I=0+1,...,hand i=1,2,...,N

This is a very simple and crude algorithm. One
can use more refined algorithms to solve the inte-
gral equations given in Egs. (29) and (30) which
give greater accuracy. Making use of the algo-
rithm, one can easily calculate .o7(¢,), i.e., the
warranty servicing cost J(o, K; T) or o7,(T), given
any « and K values. The optimal values of these
need to be obtained as indicated earlier.

4.3. Example

The algorithm described in the previous
two subsections was used to solve the follow-
ing numerical example: N =4, u, = 0.5/year,
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u, = 2lyear, p, = 3lyear, p, = 3.5/year, py = 0.9,
P =p; = 0.6, CV =$40, C? = $50, C = $300,
C¥ = $400, C\V = $300, C'?) = $500, C®) = $600,

C% =$800, and T = 3 years.

m

The joint probability density functions ob-
tained with Egs. (26)—(28) are:

fu(t) =0.05¢"" >0,

(1) =024 x (e —e¥), =0,
J(£) = 0432 x (0.4e70% — e 1 0.6e7), 30,
A1) = 1.512 x (0.2 7% — e +1.8e % —e¥),

S

fo(t) =08 >0,

fa() =144 x (e —e), >0,

fou(t) =5.04 x (e —3e ¥ +2¢), >0,
fu(t) =12 >0,

fau(t) =126 x (e —e), =0,

fua(t) =3.5¢7 t>0.

The expected warranty servicing cost was cal-
culated with the recursive algorithm given in Sec-
tion 4.2. The effect of parameters K and o on the

warranty cost are shown in Fig. 2. As can be seen,
the optimal warranty servicing parameters were
K* =2 and «* = 0.5 with a total warranty servic-
ing cost of $408. In words, to minimize the ex-
pected warranty servicing cost when the warranty
period is 3 years, the manufacturer should mini-
mally repair all failures except when the item is in
failure state 3 and the remaining warranty period
is longer than 0.5 years.

5. Conclusions

In this paper, we have developed an warranty
servicing policy for a product with N working
states and N failure states. The policy is charac-
terized by two parameters. For the special case
where N =2, we have obtained analytical solu-
tions for the optimal parameter values. When
N > 2, we have proposed a computational proce-
dure. The model can be used for minimizing the
warranty servicing cost of multi-state deteriorating
products using minimal repairs and replacement.

The model reported in this paper can be ex-
tended in several ways. Some of the many issues
that need further study are listed below.

——K=1 = K=2 ~ K=3|
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Fig. 2. Warranty servicing cost as a function of K and o.
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(1) We have assumed that the sojourn times are
exponential. One can relax this assumption and
treat them as being more general distributions with
parameters varying with the state.

(2) The FRW policy is one of many different
warranty policies (Blischke and Murthy, 1994).
One can carry out similar analysis to obtain the
optimal repair-replacement strategies for other
warranty policies. The equations to obtain
J(o,K; T) would be more complex depending on
the warranty policy.

(3) In our model the deterioration is charac-
terized discretely and gradually through N states.
A natural extension is to characterize the deterio-
ration as a continuous variable. This will imply an
infinite state space. One may also allow deterio-
rations from working state j to working state i for
i=j+1,j+2,...,N.

(4) We have assumed the (minimal) repair cost
to be constant and independent of the failed state.
One can relax this assumption so that (minimal)
repair cost is a function of the failed state. Simi-
larly, we can incorporate imperfect repair so that
the number of attempts to rectify through repair is
a random variable.
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Appendix A. Derivation of f;(x), f>(x), my(x),
and my, (x)(N = 2)

The item is assumed to be new (in working state
1) at time 0. The deterioration process of the item
can be regarded as a continuous-time Markov
process. In order to derive the joint probability
distribution of X and I, we treat the two possible
failure states of the item as two absorbing states of
this Markov process. The first failure time of the
item is the time that the Markov process enters an
absorbing state. The first failure state of the item is

the absorbing state which this process enters. De-
fine

Pi(t) = Pr{The item is in working state

i at time ¢}, i=1,2;
0:(t) = Pr{The item is in failure state
i at time ¢}, i=1,2.

Then, we have

Fi(¢t) = Pr{The failure time of the item is less than
or equal to ¢ and its failure state

is i} =0,(1), i=12. (33)

Next, we write out the Kolmogorov’s equations
for this Markov process

Pi(1)
g P(1)
de | 0i(1)
0s(1)
—Hy 0 0 0 Pi(t)
_ Py - 0 0 Py(1) . (34)
(I-p)wy 0 0 0 Oi(1)
0 k0 0 O(1)

Solving Eq. (34), we can obtain Q,(¢) and O,(¢).
Using Eq. (33), we obtain the expressions of f(¢)
and f>(¢) as shown in Egs. (3) and (4).

Function my, (x) can be obtained directly from

Si(x):

i) = ) = (1 -

k=1

)k lad! (:ulx)k71 e X
(k—=1)

= (1 =pr)me ™"

To derive my, s (x), we first give the Laplace

transform of functions f}(x) and f>(x) as shown in
Egs. (3) and (4):

i _ (1 —pi)wy
fi(s) = Wa
fz( >: Py

(s +m)(s+ )
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It should be noted that f,(s) has the above
unified expression although f>(x) shown in Eq. (4)
has different expressions for cases of y; = y, and
M 7 Ky

The Laplace transform of my.,(x) is given
by

gy () = fl(f)"‘fz(f)
e 1= (f1(s) + /5(s))

(1 = po)ys + iy
s(s + oy + pipy)

The reverse Laplace transform yields Eq. (8).
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