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In the binary context, a consecutive-k-out-of-n system is failed if and only if at least & consecutive components are failed. In this paper
we propose definitions of the multi-state consecutive-k-out-of-n:F and G systems. In the proposed definition, both the system and its

components may be in one of M + 1 possible states: 0, 1, .

..,and M. The dual relationship between the proposed systems is identified.

The concept of dominance is used to characterize the properties of multi-state systems. The concepts of duality, equivalence, and
dominance are used in evaluation of system state distribution of multi-state consecutive-k-out-of-n systems. An algorithm is provided
for evaluating system state distribution of decreasing multi-state consecutive-k-out-of-n:F systems. Another algorithm is provided to
bound system state distribution of multi-state consecutive-k-out-of-n:F and G systems. Several examples are included to illustrate the

proposed definitions, concepts, and algorithms.

1. Introduction

In traditional reliability theory, both the system and its
components are allowed to take two possible states: either
working or failed. In a multi-state system, both the system
and its components may experience more than two possi-
ble states, for example, completely working, partially work-
ing, and completely failed. A multi-state system reliability
model provides more flexibility for modeling of equipment
conditions.

In the binary context, a system with » components in
sequence is called a consecutive-k-out-of-n:F (G) system if
the system fails (works) whenever at least k consecutive
components in the system fail (work). A consecutive-n-
out-of-n:F (G) system becomes a parallel (series) system.
A consecutive-one-out-of-n:F (G) system becomes a series
(parallel) system. Many research results have been reported
on reliability evaluation of binary consecutive-k-out-of-n
system, for example, see Chiang and Niu (1981), Hwang
(1982), Kuo et al. (1994) and Chao et al. (1995). The dual
relationship between the consecutive-k-out-of-n:F and G
systems is investigated by Kuo et al. (1990) and Zuo (1993).

In a multi-state system, both the system and the compo-
nents are allowed to be in one of M + 1 possible states, 0, 1,
2,...,and M, where M is the perfect functioning state while
zero is the complete failure state. We use x; to denote the
state or performance level of componenti(i =1, 2, ..., n).
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Vector x = (x1, X2, ..., X,) represents the states of all the n
components. The system state denoted by ¢ is a determin-
istic function of component states xj, xa, ..., and x,. Thus,
¢ = ¢(x), where x takes values in S”, ¢ takes values in S,
andS=1{0,1,2,..., M}.

Recently, researchers have partially extended the defini-
tions of the binary consecutive-k-out-of-n system to the
multi-state case by allowing the system to remain binary
and its components to have more than two possible states,
for example, see Zuo and Liang (1994) and Malinowski
and Preuss (1995, 1996). Koutras (1997) extends the bi-
nary consecutive-k-out-of-n:F system to the dual failure
mode environment whereas the system and each compo-
nent may experience one working state and two different
failure states. Aki (1992) analyzes the waiting time for a run
of a specific outcome of a specific length from a sequence
of non-negative integer valued random variables.

Sometimes, it is necessary to allow both the system and
its components in a consecutive-k-out-of-n system to expe-
rience more than two possible states. Haim and Porat (1991)
provide a Bayes reliability model of the consecutive-k-out-
of-n system, in which both the system and its components
are assumed to have more than two possible states while k
is assumed to be constant. When k is constant, the system
has the same reliability structure at all system state levels.
However, a multi-state system may have different structures
at different system levels. The following example illustrates
this point.
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Example 1. (A quality control problem.) A batch of prod-
ucts may be labeled as being one of the following three
classes based on the level of quality: grade A, grade B, and
rejected. The following sampling procedure is used to clas-
sify the product items: if consecutive 3-out-of-10 items of a
sample do not meet the standard of grade A, then a subse-
quent inspection is conducted under the standard of grade
B; otherwise, it is labeled grade A. If consecutive 5-out-
of-10 items of a sample are judged to be lower than grade
B, then this batch will be rejected; otherwise, it is labeled
grade B. For such a problem, we can define a multi-state
consecutive-k-out-of-n system with the label of the batch
as system state and the sampled items as components. Both
the system and the components have three possible states:
State 2 (grade A), state 1 (grade B) and state 0 (rejected). At
the system state level 2, it has a consecutive-3-out-of-10:F
structure and at the system state level 1, it has a consecutive-
5-out-of-10:F structure.

A definition of the generalized multi-state k-out-of-n:G
system, in which & could take different values for differ-
ent system state levels, has been proposed by Huang et al.
(2000). In this paper, we propose a definition of a multi-
state consecutive-k-out-of-n system. Under the proposed
definition, a possibly different number of consecutive com-
ponents need to be below level j for the system to be be-
low level j for different j values. The required number of
consecutive component “failures” is dependent on the sys-
tem state level under consideration. Examples are given to
illustrate the proposed definition. System performance eval-
uation algorithms are presented for the proposed multi-
state consecutive-k-out-of-n:F system. In our discussion of
multi-state systems, we sometimes still use the term “fail-
ure”. This term now has a dynamic meaning. When we
are concerning about state level j, we can say the system is
“failed” or a component is “failed” if it is below state level
j. Of course when the value of j changes, the meaning of
“failed” also changes.

2. Notation and assumptions

2.1. Notation

n = number of components;

M+ 1 = number of states of the system or its compo-
nents;

X; = state of component 7, x; € {0, 1,... M}, i=
1,2, ..., m

X = vector of component states, X = (xi, X2,
e X);

o(x) = system structure function representing the state
of the system, ¢(x) € {0, 1, ..., M};

¢P(x) = the dual of ¢;

kj = minimum number of consecutive components
to be in states below j;

Py = Pr(x; > ));
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P = P, = P; when the components are iid;

Pij = Pr(x; =J);

Dj = p; = p; when the components are iid;

Oy = Pr(x; <))

O = O; = O, when the components are 1id;

Fi(n; kj) = probability that at least k; consecutive compo-
nents are in states below j for an n component
system;

Ri(n;kj) =1 — Fn; ky);

st = PI'(¢ Z]);

F; = 1- Ry

ryj = Pr(¢ =)).

2.2. Nomenclature

Multi-state minimal path vector: Vector y € S” is a minimal
path vector to system state level j if and only if ¢(y) > j and
¢(x) < j for all x < y (Boedigheimer and Kapur, 1994).
Multi-state minimal cut vector: Vectory € S" is a minimal
cut vector to system state level j if and only if ¢(y) < j and
¢(x) > j for all x > y (Boedigheimer and Kapur, 1994).

2.3. Assumptions

1. The system is a multi-state monotone system (Griffith,
1980):

* ¢(x) is non-decreasing in each argument;
* ¢(j) =j, wherej=(j,j,...j),forj=0,1,---, M.

2. The x;’s are mutually s-independent.

3. The multi-state consecutive-k-out-of-n:F system

We propose the following definition of the multi-state
consecutive-k-out-of-n systems:

Definition 1. ¢(x) <j(j=1, 2, ---, M) if at least k; consec-
utive components are in states below / for all / such that
j<I< M. An n-component system with such a property
is called a multi-state consecutive-k-out-of-n system.

In this definition, k;’s do not have to be the same for
different system states j (1 <j < M). This means that the
structure of the multi-state system may be different for dif-
ferent system state levels. Examples will be given to illus-
trate this definition. The following two special cases of this
definition will be considered in this paper:

e When k| > ky > --- > ky, the system is called a de-
creasing multi-state consecutive-k-out-of-n system. In
this case, for the system to be below a higher state level
Jj, a smaller number of consecutive components must be
below state j. In other words, as j increases, there is a de-
creasing requirement on the number of consecutive com-
ponents that must be below state j for the system to be
below state level ;.
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e When ky <k, < --- < kyy, the system is called an in-
creasing multi-state consecutive-k-out-of-n system. In
this case, for the system to be below a higher state level j, a
larger number of consecutive components must be below
state j. In other words, as j increases, there is an increasing
requirement on the number of consecutive components
that must be below a state j for the system to be below
state level j.

When k; is constant, i.e., ky =ky = --- = ky =k, the
structure of the system is the same for all the system
state levels. This reduces to the definition of the multi-
state consecutive-k-out-of-n system provided by Haim and
Porat (1991). We call such a system constant multi-state
consecutive-k-out-of-n:F system. In this paper, we consider
the constant multi-state consecutive-k-out-of-n:F system as
a special case of the decreasing multi-state consecutive-k-
out-of-n:F system.

Example 2. (A decreasing multi-state consecutive-k-out-
of-n system.) Consider a three-component system wherein
both the system and the components may be in one of three
possible states, state 0, state 1, and state 2. The system state
and the component states have the relationships as shown
in Table 1. In this example, we have k; = 2 and k, = 1.

In Table 1, the “(x)*” sign represents all the permuta-
tions of the elements of the component state vector x. For
example, system state level 1 can result from component
states (1, 1, 0) and their permutations, namely, (0, 1, 1) and
(1,0, 1).

In terms of the definition of a multi-state consecutive-
k-out-of-n system we have provided, the system in this ex-
ample is below state 2 if and only if at least one (consec-
utive) component is below state 2 (k, = 1). The system is
below state 1 if and only if at least two consecutive com-
ponents are below state 1 (k; = 2). We can see that in this
example, k| > k, indicating a strictly decreasing multi-state
consecutive-k-out-of-n system. We can say that the system
in this example has a consecutive-1-out-of-3:F structure at
system state level 2 and a consecutive-2-out-of-3:F struc-
ture at system state level 1.

Example 3. (An increasing multi-state consecutive-k-out-
of-n system.) Consider a three-component system with
ki =1, ky =2, and k3 = 3. Both the system and the com-

Table 1. System structure function for Example 2

o(x) 0 1 2
X (0, 0, 0) (0, 1, 0) 2,2,2)
(1,0, 0) (1,1, 0)*
(0,0, 1) (1,1, 1)
(2,0, 0) (0,2, 0)
0,0, 2) @, 1, 1)*
2,2, 0"
2,2, 1)*
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Table 2. System structure function for Example 3
o(x) 0 1 2 3
X (0,0, 0) (1, 1,1 (0,2,0) (3,0,0)"
(1,0,0)* 2,11 (1,2,0) (3, 1,0)*
(1, 1,0* (1, 1,2) 0,2, 1) G, 1, H*
(2,0,0) (2,2,00" (3,2,0"
(0,0,2) 2,2, D)F (3,2, D)*
(2,1,0) (2,2,2) (3,2,2)*
(2,0, 1) (3,3,0"
(1,0,2) (3,3, D)F
0,1,2) (3,3,2)*
(35 3’ 3)

ponents may be in one of four possible states, namely, state
0, state 1, state 2, and state 3. Table 2 illustrates the rela-
tionship between system state and component states.

The “(x)*” sign in Table 2 represents all permutations of
the elements of the component state vector x. The system
is below state 3 if and only if at least three (consecutive)
components are below state 3. The system is below state
2 if and only if at least two consecutive components are
below state 2 and at least three (consecutive) components
are below state 3. The system is below state 1 if and only
if at least one (consecutive) component is below state 1, at
least two consecutive components are below state 2, and at
least three (consecutive) components are below state 3. The
system in this example has a parallel structure at system
state 3 (3-out-of-3:F), a consecutive-2-out-of-3:F structure
at system state level 2, and a series structure at system state
level 1 (1-out-of-3:F).

In a binary system, we are interested in the reliability of a
system given its components’ reliabilities. In the multi-state
context, we assume that the probabilities for each compo-
nent to be in different states are known. We are interested
in finding the probabilities for the system to be in different
states. We will use the term component state distribution to
indicate the probabilities that the component is in different
states and the term system state distribution to indicate the
probabilities that the system is in different states.

A commonly used approach for evaluation of a multi-
state system state distribution is to extend the results for
binary system reliability evaluation. Usually, a multi-state
system can be divided into “functioning” with respect to
state level j if ¢(x) > j and “failed” otherwise. Similarly,
component i is said “functioning” with respect to state
level j when x; > j and “failed” otherwise. However, this
dichotomous method can only be applied to some multi-
state systems. In the following, we discuss methods for
evaluation of system state distribution of multi-state
consecutive-k-out-of-n:F systems.

Case I. Decreasing multi-state consecutive-k-out-of-n:F
system, i.e., k1 > ko > -+ > kyy.
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In this case, the definition of a multi-state consecutive-
k-out-of-n system is equivalent to that ¢(x)<j if and
only if at least k; consecutive components have x; < j for
j=1,2, ..., M. Those components with x; < j are consid-
ered “failed” with respect to state level j. The system is con-
sidered “failed” with respect to state level j if ¢ < j. The al-
gorithms for binary consecutive-k-out-of-n system reliabil-
ity evaluation provided by Hwang (1982) can be used to find
Pr(¢ <j)forj=1,2,..., M of a multi-state consecutive-k-
out-of-n system. Once Pr(¢ < j)isfoundforj=1,2,..., M,
we can easily find Pr(¢ = j) forj =0, 1, ..., M. The follow-
ing equation is based on Hwang (1982):

F(n;kj) = F(n— 1;k) + (1 — F(n — k; — 1, k)))

n
<Puiyy []  Ow

m=n—kj+1

()

where Fj(a; b) is the probability that at least b consecutive
components are below state j in an a component system and
j may take values from 1 to M. Equation (1) can be applied
recursively with the following boundary conditions:

F(a;b)=0, forb>a>0, j=12,..., M (2
Py=1 j=12 ..., M. 3)
By recursively applying Equation (1), we can find the prob-
abilities that the system is below state j for j=1,2, ..., M
and then find the probabilities that the system is in state j

forj=0,1, ..., M using the following equations:
Pr(¢ <j) = F(n;k;), forj=1,2,...., M, (4)
Pr(¢ = 0) =Pr(¢ < 1), &)
Pr(p = M) =1—-Pr(¢ < M), (6)

Pr(¢p =j) =Pr(¢ <j+ 1) —Pr(¢ <)),

forj=1, ..., M—1. 7

Note: The constant multi-state consecutive-k-out-of-z sys-
tem can be treated as a special case of the decreasing
consecutive-k-out-of-n system with k) = kr = - - - = k.

Case II. Increasing multi-state consecutive-k-out-of-n:F
systems, i.e., k} < ky, <--- < ky.

We assume that at least one of the inequalities in this caseisa
strict inequality. Based on the definitions of a minimal path
vector provided earlier in this paper, a minimal path vector
to level j could also be a minimal path vector to level j + 1
or even higher levels. Consider the system structure given
in Example 3. One of the minimal path vectors to system
level 1 is (0, 2, 0) because ¢(0,2,0) > 1 and ¢(x) < 1 for
all x < (0, 2, 0). At the same time, component state vector
(0, 2, 0) is a minimal path vector for system state level 2. As
a result, we are unable to use binary consecutive-k-out-of-
n:F system reliability evaluation formulas for evaluation of
system state distribution under case II.
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Before more efficient system performance evaluation al-
gorithms can be found, one may use the minimal path or
minimal cut vectors and the Sum of Disjoint Product (SDP)
method for evaluation of system state distribution (for ex-
ample, see Locks (1987)). In the next section, we report a
method for evaluating system state distribution of a multi-
state consecutive-k-out-of-n:G system.

4. The multi-state consecutive-k-out-of-n:G system

In the binary context, a consecutive-k-out-of-n:G system
works if and only if at least k consecutive components work
(Kuo et al., 1990). In the following, we propose a definition
of the multi-state consecutive-k-out-of-n:G system.

Definition 2. ¢(x) > j(j = 1,2, ---, M) if at least k; consec-
utive components are in state / or above forall / (1 </ < ).
A system with such a structure function is called a multi-
state consecutive-k-out-of-n:G system.

The condition in this definition can also be phrased as
follows: ¢(x) > j(j =1,2,---, M) if at least k; consecutive
components are in state j or above; at least k;_; consecutive
components are in state j — 1 or above; - - -; and at least k
consecutive components are in state 1 or above.

In the binary context, the dual of a system ¢ is de-
fined as: pP(x) = 1 — ¢(1 — x)wherel = (1,1, ..., 1). The
consecutive-k-out-of-n:F and G systems are duals of each
other (Kuo et al., 1990). For multi-state systems, a similar
definition of duality is provided by El-Neweihi ez al. (1978):

¢P(x) = M — p(M —x), ®)
where M = (M, M, ..., M). As a result, we have
Pr(¢°(x) = j) = Pr(¢(M — x) = M — ). ©)

Based on Equation (9), if we let p; = p}()M_j) for i =
1,2, ..., nandj=0, 1, ..., M, then the probability for the
primal system to be in state j is equal to the probability for
the dual system to be in state M —j forj =0,1, ..., M.

Based on Equation (9), the multi-state consecutive-k-out-
of-n:F and consecutive-k-out-of-n:G systems given in Def-
initions 1 and 2 are duals of each other. More specifically,
the dual of an increasing multi-state consecutive-k-out-of-
n:F system is a decreasing multi-state consecutive-k-out-of-
n:G system. Because there are no efficient algorithms for
system performance evaluation of an increasing multi-state
consecutive-k-out-of-n:F system, we may use this dual rela-
tionship for efficient system performance evaluation of the
increasing multi-state consecutive-k-out-of-n:F systems.

Hudson and Kapur (1983) propose the concept of equiv-
alence. Two component state vectors x and y are said to be
equivalent if ¢(x) = ¢(y) and this equivalence relationship
is indicated by x <> y. All component state vectors that are
equivalent to one another belong to the same equivalence
class. Huang and Zuo (2002) propose the following defini-
tion of dominance.



Multi-state consecutive-k-out-of-n systems

Definition 3. A multi-state monotone system is called a
dominant system if its structure function ¢ satisfies: ¢(y) >
¢(x) implies either: 1)y > x,or (i) y > z,X <> z,and X # z.

We will use the following example to illustrate the con-
cepts of duality, equivalence, and dominance.

Example 4. (Relationship between a primal system and its
dual.) Consider the system structure given in Example 3 as
the primal system, which is an increasing consecutive-k-out-
of-n:F system. By applying Equation (8) to each component
state vector in Example 3, we obtain the structure function
of its dual system as shown Table 3.

The “(x)*” sign in Table 3 represents all permutations
of the elements of the component state vector x. From ex-
amination of the structure function shown in Table 3, we
find that this dual system becomes a decreasing multi-state
consecutive-k-out-of-n:G system. The system is at state 1 or
above if at least three consecutive components are at state
1 or above. The system is at state 2 or above if at least two
consecutive components are at state 2 or above and at least
three components are at state 1 or above. The system is at
state 3 (or above) if at least one component is at state 3 (or
above) and at least two consecutive components are at state
2 or above and at least three components are at state 1 or
above. We notice that k; = 3, ko =2, and k3 = 1 and we
have to use the “and” relationship to specify the conditions
that should be satisfied for the system to be at a certain state
or above.

Using the definition of dominance, we can also con-
clude that the primal system shown in Example 3 is a non-
dominant system. For example, ¢(0, 2, 0) = 2, but at the
same time, component state vector (0, 2, 0) is not greater
than any component state vector that results in system state
1. On the other hand, the dual system shown in Example 4
is a dominant system because each component state vector
in a column is greater than at least one component state
vector in the neighboring column on the left. For example,
#°(2,2,1)=2,¢(1,1,1) =1,and (2,2,1) > (1, 1, 1).

Table 3. Structure function of the dual of the system given in
Example 3

P (x) 0 1 2 3

X 0,0,0) (1,1, 1) 2,2,1) 3,2, 1)
(1,0, 0)+ 2,1, 1)+ 1,2,2) (2,3,1)
(1, 1,0)+ 2,1,2) 2,2,2) (1,3,2)
(2,0, 0)* (3,1, D)t (1,2, 3)
0,0,2) (3,1,3) (3,2, 2)+
(2,1,0)" 2,1,3) (3,3, 1)
(2,2, 0)* (3,1,2) (1, 3,3)
L iy
533 2 03* 3
3,3, 0)+
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As we have seen from Examples 3 and 4, the dual of
an increasing multi-state consecutive-k-out-of-n:F system
becomes a decreasing multi-state consecutive-k-out-of-n:G
system. Based on its definition, we know that a decreasing
multi-state consecutive-k-out-of-n:G system has the follow-
ing properties:

1. I’lEkoZkl zkzz...ZkM,

2. Itis a dominant system,

3. The minimal path vectors to system level j will cause the
system to be exactly in level j,

4. One of the minimal path vectors to level j is in the fol-
lowing form:

G jij— 1, j—1,j—=2,.. 1,...,1,0,..., 0),
——

kj

kj,l

ki

(10)

where the number of elements taking the value of i is
equaltok; — k;yy >0fori=1,...,j—1.

5. Every minimal path vector to level j can be obtained
by permutating the elements of this minimal path shown
in (10).

Because the set of minimal path vectors tolevel j contains
some permutations of the vector shown in (10), it is easy
to find all these minimal path sets to level j. For example,
suppose that a system has five components and a minimal
path set to level 3 is (3, 3, 2, 1, 0). From this minimal path
set, we know that for the system to be at level 3 or above,
at least two consecutive components must be in level 3 or
above, at least three consecutive components have to be in
state 2 or above, at least four consecutive components have
to be in state 1 or above, and all five components have to be
in state 0 or above. We also note that the last condition that
all five components have to be in state 0 or above may be
omitted because it is automatically satisfied. This way, we
can easily find all minimal path vectors to system level 3, as
listed below:

(37 37 27 17 O)a
(07 17 27 37 3)7

(2,3,3,1,0), (1,3,3,2,0), (0,3,3,2, 1),
0,1,3,3,2), (0,2,3,3,1), (1,2,3,3,0).

Observing these minimal path vectors, we see that each
may include more than two different values as its elements.
In the example of vector (3, 3, 2, 1, 0), there are four different
values, namely, three, two, one, and zero. If the number of
such different values in a minimal path vector to system level
Jj is less than or equal to two, we can use binary reliability
evaluation algorithms to find the exact probability that the
system is in state j or above. However, if this number of
different values in the minimal path vector is greater than
two, we cannot use binary reliability evaluation algorithms
to evaluate the exact probability that the system is in state
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j or above. In the following, we present a method to bound
Pr(¢ > j) when binary algorithms cannot be used.

Suppose we have a minimal path vector for system
state level j, denoted by y, which is in the form shown in
Equation (10). We will use y; to represent all minimal path
vectors to system state level j. Then, we have

Pr(¢ = /) = Pr(x = y)). (11)

where x represents all possible component state vectors. If
y has no more than two different element values, we can
evaluate Pr(x > y7) directly using binary algorithms. If y
has more than two different element values, define

s = min{ili € y,i < j}, (12)
(13)

Note that we have 0 < s < ¢ < j. Vectors L and U both with
dimension n are defined as

t = max{ili €y,i <j}.

LZ(jv"'?jaSa"'aS)y (14)
——
kj
U:(]"...,j,[’...’[)‘ (15)
——
kj
_‘ i, ——
Obviously, we have
L=<y=<U (16)

Let L represent all component state vectors in which ex-
actly k; consecutive elements have a value of j and all
other elements have a value of s. Let U? represent all compo-
nent state vectors in which exactly k; consecutive elements
have a value of j and all other elements have a value of ¢.
Then, we have

Pr(x > UY) < Pr(¢ > j) =Pr(x > y)) < Pr(x > L)). (17)

Inequality (17) can be used to find upper and lower
bounds on the probability that the system is in state j or
above. When s = ¢, the two bounds are the same and equal
to the exact value of Pr(¢ > j). The question remaining to
be answered is how to evaluate the two bounds in the in-
equality (17).

Based on the definition of a decreasing multi-state
consecutive-k-out-of-n:G system, event {x > U} repre-
sents that at least k; consecutive components are in state
j or above and at the same time, all components must be in
state ¢ or above in an n-component system. In other words,
this event represents that at least k; consecutive components
are in state j or above and all other components must be in
states 7 or above but below state j. Similarly, event {x > L}
represents that at least k; consecutive components must be
in state j or above and all other components must be in state
s or above but below j. The question to be answered is then
how to find the probability that at least k; consecutive com-
ponents are in state j or above and all other components
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are in a state s (or ¢) or above but below j. In the following,
we discuss the two cases when the components are iid and
independent separately.

Case 1. The components are iid.

The number of possible ways to have exactly & consecutive
components at a certain state or above in an n-component
systemisequal to (n — k& + 1). When all components are iid,
the following formula can be used to calculate Pr(x > U7)
and Pr(x > L7).

Lower bound = Pr(x > Uy)

=Y (n—k+1DP1—P— Q)% (18)
fe=k;
Upper bound = Pr(x > L))

= i(n—kJr DP(1-F-0)~F (19

k=k;
Case II. The components are independent.

When the components in a system are independent, Hwang
(1982) provides an algorithm for reliability evaluation of a
binary consecutive-k-out-of-n:F system. Kuo et al. (1990)
provide a corresponding system reliability evaluation for-
mula for a binary consecutive-k-out-of-n:G system. To
avoid notation confusion with what has been defined in this
paper, we will use #; and v; to represent the working and fail-
ure probabilities of component i in the binary system for
i=1,2, ..., n. The formulas given by Hwang (1982) and
Kuo et al. (1990) are for binary systems and require the
following condition to be satisfied for every component i:

(20)

To enable our analysis of multi-state consecutive-k-out-of-
n:G system, we now propose to relax the requirement shown
in Equation (20) into the following:

u,-+vl»=1, i=1,2,...,n.

O<wu+vi<l, i=12 ..., n

@1

We will still call #; the “working” probability of component i
and v; the “failure” probability of component i. Since u; + v;
may be less than one, a component may be in a state other
than “working” or “failed”. Under this relaxed condition,
we provide the following equation for calculating the proba-
bility that at least k consecutive components are “working”
and all other components are “failed”.

n—1
R(n; k) = vy Rin — 1;k) + u[( I uj) R(n—k)
Jj=n—k+1
n—1 n—1
+ > v,~< I1 uj)R(i—l;k)}, (22)

i=n—k+1 j=i+1

where R(n; k) is the probability that at least & consecutive
components in the system of n components are “work-
ing” while all other components are “failed” and R*(i) =

]—[;zl(uj +v;) fori > 1.
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The derivation of Equation (22) is based on the Bayes
theorem. The first term v, R(n — 1; k) is the probability that
component 7z is “failed” and at the same time at least k
consecutive components out of the remaining (n — 1) com-
ponents are “working.” The second term u, x (e) repre-
sents the probability that component # is “working” and
the system is “working”. In the brackets, the first term
represents the case that components (n — 1), (n —2), ---,
and (n — k + 1) are all “working” and the remaining n — k
components are either “working” or “failed” (but each
component with a probability of u; + v; < 1). The second
term in the brackets represents the probability that com-
ponent i (n—k +1 <i <n—1)is the first “failed” com-
ponent counting from component n — 1 downward and
the i — 1 component subsystem including components 1
through i — 1 is “working”.

Equation (22) is a recursive formula. The following
boundary conditions are needed.

R(k; k) = ujuy - - - ug,
Rla:b) =0,

When the minimal path vectors have at most two dif-
ferent elements, Equation (22) provides the exact measure
of the probability for the system to be in state j or above.
When the number of different elements in the minimal path
vectors is greater than two, Equation (22) can be used to
find the upper bounds and lower bounds for Pr(¢ > j) for
j=1,2, ..., M in a multi-state consecutive-k-out-of-n:G
system. The procedure for using Equation (22) is outlined
below.

When one is considering system state level j, define the
following:

(23)

forb > a > 0. (24)

u,-:Pij, i=1,2,...,l’l.
For upper bound calculation, define
vi=l—u—Qy, i=12,... n, (25)

where s is given in Equation (12). Equation (22) can then
be used to derive the lower bound for Pr(¢ > j). For lower
bound calculation, define

v[=1—u[—Q,~,, (26)

where 7 is given in Equation (13). Equation (22) can then
be used to calculate the upper bound for Pr(¢ > j). The
following example illustrates this procedure.

i=1,2,..., n,

Example 5. Consider a multi-state consecutive-k-out-of-
n:G system with the following given data:
n=3, k1=3, k2=2, k3=1,
p1o=0.1, p;1 =0.2, pp=0.3, p3=04,
P20 =0.2, pp1y =0.2, ppn =0.3, p3 =0.3,
p30 =0.1, p3; =0.1, p3» =0.2, p33 =0.6,
P]() = 1, Py = 0.9, P = 0.7, P13 =04,
P20 = 1, Py = 08, P = 06, P23 = 03,
Py = 1, P = 0.9, Py = 0.8, Py = 0.6.
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For system state level 1, the only minimal path vector
is (1, 1, 1). Let u; = Py and v; = p; for i = 1, 2, 3. Using
Equation (22) or the reliability formula for a series system,
we have

Rsl = P11 X P21 X P31 =0.9x0.8x0.9=0.648.

This is the exact probability for the system to be in state 1
or above.

For system state level 2, kK =2 and the only minimal
path vectors are (2, 2, 1) and (1, 2, 2). Since these min-
imal path vectors have only two different element val-
ues, Equation (22) can provide the exact value of Ry,. Let
u; = Pp and v; = p;; for i =1, 2, 3. Using Equation (22),
we have

R» = R(3;2) = v3R(2; 2) + uz[up R*(1) + 0],

= p31 P Py + P Po(pi + Pio),
=0.1x0.7x%x0.6+4+0.8x0.6(0.2+0.7) = 0.474.

For system state level 3, k = 1 and the only minimal path
vectors are (3, 2, 1), (2, 3, 1), (1, 2, 3), and (1, 3, 2). Select
L=@3,1,1)andU=(3,2,2). ForL=(3,1,1),s = 1 and
letu; = Pzandv; = p;; + pin. Using Equation (22), we have:

Upper bound = R(3;1) = v3 R(2; 1) + us[ R*(2) + 0],
=3[ R(1; 1) + ua R* (D] + u3 R*(2),
= (p31 + p32)[(p21 + p22) R(1; 1) + Po3 R*(1)]
+ P33 RY(2),
— 0.3 x[0.5x 0.4+ 0.3 x 0.9] + 0.6
x 0.9 x 0.8 = 0.573.

ForU=(3,2,2),t =2andletu; = P3and v; = pj.
Lower bound = R(3;1) = v R(2; 1) + uz[ R*(2) + 0],
=3[ R(1; 1) + uy R (1)] + u3 R*(2),
= pnlp R(1;1) + PR (1)]+ P;3R*(2),
=02x[0.3x0.4+0.3x0.7]
+0.6 x 0.7 x 0.6 =0.318.
Now we have:

0.318 < Ry3 < 0.573.

If we use the average of the upper and lower bounds to
approximate R;3, then we have

Rz ~ 0.4455.

The exact probability for the system to be in state 3 (or
above) has been calculated with the enumeration method:

Rz = 0.435.

The relative error of the approximated value for Rz is about
2.4%.

The sharpness of the bounds provided by Equation (22)
depends on many parameters such as k; j = 1,2, ..., M)
andp; i=1,2,...,n,j=1,2, ..., M). Once additional
bounds formulas are developed, the relative sharpness of
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different bounds may be compared. Additional research is
needed to develop other bounds formulas.
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