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Abstract

This paper presents a novel continuous-state system model for optimal design of parallel-series systems
when both cost and reliability are considered. The advantage of a continuous-state system model is that it rep-
resents realities more accurately than discrete-state system models. However, using conventional optimization
algorithms to solve the optimal design problem for continuous-state systems becomes very complex. Under
general cases, it is impossible to obtain an explicit expression of the objective function to be optimized. In
this paper, we propose a neural network (NN) approach to approximate the objective function. Once the
approximate optimization model is obtained with the NN approach, the subsequent optimization methods and
procedures are the same and straightforward. A 2-stage example is given to compare the analytical approach
with the proposed NN approach. A complicated 4-stage example is given to illustrate that it is easy to use
the NN approach while it is too difficult to solve the problem analytically.

Scope and purpose

The classical reliability theory assumes that the system and each component may only be in one of two
possible states: working or failed. Thus, it is also referred to as binary reliability theory. A well-known
reliability design problem under the binary reliability theory involves the determination of the number of
redundancies in a parallel-series system which consists of N subsystems connected in series whereas each
subsystem consists of a few components connected in parallel. In this paper, we consider the optimal design
problem of a multi-state parallel-series system wherein both the system and its components may assume more
than two levels of performance. Specifically, we assume that the state of each component and the system
may be represented by a continuous random variable that may take values in the closed interval [0,1]. An
optimization model is formulated for the determination of the number of redundancies in order to maximize
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the system’s expected utility function. Because of the complexity of the optimization problem, we propose
a neural network (NN) approach to approximate the objective function. The resulting optimization model is
much easier to solve. Examples are given to illustrate the proposed approach. © 2002 Elsevier Science Ltd.
All rights reserved.
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1. Introduction

A system consists of n components, each of which may perform a different function. One of the
most important measures of the performance of a system is its reliability. The reliability of a system
is defined to be the probability that the system will perform its functions satisfactorily for a certain
period of time under specified conditions.

The traditional reliability theory assumes that a system and its components may only experience
one of two possible states: working or failed. As a result, we call it binary reliability theory. Under
the binary assumption, reliability as defined above is an excellent measure of the performance of
systems. There exist several methods for designing systems with high reliability. These methods
include using large safety factors, reducing the complexity of the system, increasing the reliability
of constituent components, and using structural redundancy. Kuo et al. [1] provides an extensive
coverage on optimal system design.

A parallel-series system consists of N subsystems connected in series such that the system works
if and only if all the subsystems work wherein subsystem i (1 <i < N) consists of M; components
connected in parallel such that the subsystem fails if and only if all the components in this subsystem
fail. Fig. 1 shows such a parallel-series configuration. The reliability of such a parallel-series system
is expressed as:

N M;

Re=T[(t-TJ0-p»|. (1)

i=1 j=1

where p;; is the reliability of component ;j in subsystem i. For such a system, a typical optimization
problem involves finding the optimal number of parallel components in each subsystem either to
maximize system reliability or minimize total system cost. The constraints for such problems are
either resource limitations or reliability requirements. Resource limitations usually represent con-
straints of cost, weight, volume or some combinations of these factors. The reliability constraint
imposes a minimum requirement of system reliability. In either case, the system design problem is a
nonlinear integer-programming problem. Many algorithms have been proposed but none has proven
to be superior over the others. Kuo et al. [1] surveyed and classified optimization techniques related
to nonlinear programming problems. They compared the pros and cons of the following optimiza-
tion techniques: integer programming, transforming nonlinear to linear functions, dynamic program-
ming, the sequential unconstrained minimization technique (SUMT), the generalized reduced gradi-
ent method (GRG), the modified sequential simplex pattern search, and the generalized Lagrangian
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Fig. 1. The structure of a parallel-series system.

function method. Other examples of integer programming solutions to the redundancy allocation
problem are presented by Misra and Sharma [2], and Gen et al. [3,4]. In recent years, genetic
algorithms have been used for solving reliability based design problems, for example, see [5,6].

The binary assumption has served as a unifying foundation for the mathematical theory of relia-
bility. However, in many real-life situations, a multi-state system model is needed to allow both the
system and its components to assume more than two levels of performance. In a discrete multi-state
system, it is assumed that the system and its components may each experience M + 1 possible states
(M =1):0,1,...,M, where 0 represents the completely failed state, M represents the completely
working state, and others are intermediate states. For studies of discrete multi-state systems, users
are referred to Barlow and Wu [7], Griffith [8], Xue and Yang [9], and Huang et al. [10]. Zuo
et al. [11] considered the redundancy allocation problem for discrete multi-state parallel-—series sys-
tems and provided a heuristic algorithm for solving the optimal design problem.

In a continuous multi-state system, it is assumed that the states of the system and its components
may each be represented by a continuous random variable defined in the closed interval [0, 1], where
0 represents the complete failure state and 1 the completely working state. For studies of continuous
multi-state systems, readers are referred to Ross [12], Block and Savits [13], and Cappelle and Kerre
[14].

In a multi-state system, be it continuous or discrete, the definition of reliability as given under the
binary assumption is no longer valid. Different measures of system performance need to be defined.
In this paper, we consider the redundancy allocation problem for continuous-state parallel-series
systems. The system utility function is used to measure the performance of the system. The NN
approach is used to solve the nonlinear integer optimization problem. Examples are given to illustrate
the advantages of the NN approach.

2. The continuous-state system design model

Consider a parallel—series system as shown in Fig. 1. There are N subsystems connected in series.
Subsystem i (for 1 <i < N) has M; components connected in parallel. The state of a component can
be represented by a continuous random variable defined in the range from 0 to 1, inclusive. Before
introducing the optimal design model of the continuous-state parallel-series system, we provide the
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following list of notation:

Q range of possible state, 2 = [0, 1], where 1 indicates perfectly functioning state
and 0 the completely failed state

K state index, a deterministic value, s € Q

Xij state of component j in subsystem i, a random variable, 0 < x; <1

X the vector representing the states of all components in the system, x = (x;;), i =
,2,...,N; j=12,...,M;

N total number of subsystems of the system

M; total number of components in the ith subsystem

o(x) system structure function, or system state as a function of component states, a
random variable, 0 < @(x) < 1

Sfii(s) probability density function of x;;

fi(s,M;) probability density function of the state of the ith subsystem

f(s,M,...,My) probability density function of ¢(x), the state of the system

w(s) utility function of the system when it is in state s

Cij cost of the jth component in the ith subsystem

Cr total budget available for the system to be designed

In addition, we also use the following assumptions:

1. The states of the components in the same subsystem are independently and identically distributed

(iid).

2. The utility function of the system, u(s), is known.
3. The state probability density function f7;(s) of each component is known.

According to Barlow and Wu [7], the state of a parallel system is equal to the state of the
best component in the system while the state of a series system is equal to the state of the worst
component in the system. As a result, the state of the parallel-series system shown in Fig. 1 can be
expressed as

#0) = min, | ma, @
where x;; has probability density function f;;(s) for 0 <s < 1. Using Eq. (2), we can evaluate the
following probability:

N M;

N S
Pr(q)(x);s)—H(/l f,-(t,MJdt)—H 1—H</O f,,(t)dz) foro<s<l1l. (3)
i=1 S

i=1 j=1

It is obvious that Pr(¢(x) = s) as shown in Eq. (3) is a function of s, My, M,,..., and My.
Since Pr(p(x) = s) = fsl f(t, M\, M,,...,My)dt, we obtain the following expression of the prob-
ability density function of ¢(x):

d d (& Moo
S5, My Moo My) = = Pr(o() > 5) = —— | [] 1—H(/O fi,-(r)dz> NS
j=1

i=1
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The expected utility of the system is:

1
U(M19M29~">MN):/ H(S)f(S’M13M23'-'5MN)dS
0

1 d N M; S
— [wr [ (TL (=T ([ roar)] ] ) e (6)
0 ds \ i j=1 0
The expected system utility, U(M;,M,,...,My), depends on the following factors: (1) the number
of sub-systems, N; (2) the number of components in each subsystem, M, M,,...,My; (3) state
probability density function of each component, f;;(s); and (4) utility function of the system when
it is in the state s, u(s). The number of subsystems, N, is usually determined by the system function
required. In this paper, we also assume that both f;;(s) and u(s) are known. Thus the optimal
design problem is concerned with finding the optimal values of My, M,,..., and My to maximize
UM, M,,...,My) subject to the cost constraints, as shown below:

M;

11 </0 f,-j(t)dt> ds

i=1 j=1

1 d N
Maximize : U(M;,M>,....My) = —/ 1(s) ds H -
0 s

N M
Subject to : Z Z Cy; <Cr.

i=1 j=1

This optimization model includes both integration and differentiation in the objective function.
The objective function is very complicated and it is very difficult to use a classical optimization
algorithm. This situation arises when (1) the number of subsystems, N, is large; (2) f;;’s in the
same subsystem are not identical; and/or (3) f;; is not a simple distribution. In addition, in some
cases, the component state distribution function may have to be expressed in an empirical form and,
as a result, no analytical expression of U(M;,M,,...,My) is available. In the following section, we
propose to use the NN approximation to solve this optimization problem.

3. The NN approximation

We know that Pr(¢(x) = s) is a nonlinear function of variables, s,M;,M,,...,My. For conve-
nience, we define that,

i=1

N M; s
g(s, M1, Mo, ... . My) =Pr(p(x) =) =] (1-]] (/ fl-j(t)dt> . (7)
j=1 N0
Thus, the objective function becomes,

1
UMy, Mo, .., My) = — / () (gl M1 Mo M) . (8)
0

If g(s, M, M,,...,My) is only a linear combination of standard sigmoidal functions, U(M;, M,,...,
My ) has a simple expression as to be demonstrated through examples later. This observation stim-
ulates us to use neural networks to approximate g(s,M;,M,,...,My). Because of the monotonic
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Fig. 2. The structure of a feedforward neural network with one hidden layer.

and nonlinear characteristics of neurons, sigmoidal neurons for example, NNs are universal approx-
imators. Cybenko [15] and Aourid and Do [16] show that a finite linear combination of sigmoidal
functions can approximate any continuous function of n real variables with support in the unit hy-
percube to any degree of accuracy. As a result, it is possible to use a feedforward NN with a single
hidden layer as shown in Fig. 2, to approximate g(s, M, M,,...,My).

Generally, analytical expressions of multiplayer NNs (the activation functions of two or more
layers are nonlinear) are generally impossible to obtain. However, for the NN model in Fig. 2, only
the single hidden layer is of nonlinear functions and the activation function of the output layer is a
pure linear sum operator. Thus, the output of the NN is actually a weighted sum of a finite number
of sigmoidal functions. Once the training is completed, we know the number of hidden neurons and
all the weights and bias factors associated with each neuron. An analytical expression of the NN
output, i.e., the approximate system distribution function in this paper, can be written as

G(s. My, My) = gy + 0;) 9)
k=1

where y' = [s,M,...,My]" is the input vector; ¢(u)=1/(1 +e~*) is the activation function of the
hidden units; W = [Wk1, W2, ..., Wev+ 1)]T is the weight vector associated with the hidden neuron k;
¢ is the number of hidden units, oyis the weight between the hidden unit k and the output neuron,
wy; is the weight between the ith input neuron and the kth hidden neuron, and 0, is the bias factor
of the kth hidden neuron.

From Eq. (9), we can also see that no matter how complicated g(s,M;,M,,...,My) might be,
the approximate analytical expression of system distribution function, §(s, M, M,,...,My), is always
a linear combination of a finite number of sigmoidal functions. As stated earlier, the approximate
objective function U (M, M,,...,My) constructed from §(s, M, M,, ..., My) is usually solvable. Thus,
the subsequent optimization procedure is exactly the same for various component state distribution
functions. For simple and analytically solvable problems, NN approximation is unnecessary. However,
for large, complicated and analytically unsolvable problems, the NN approximation can be as accurate
as desired.

The basic idea to use NNs in this paper is to replace g(s,M;,M,,...,My), which is a known
nonlinear function involving integrals, with g(s, My, M,,...,My), which is a linear combination of
standard sigmoid functions by using the continuous and nonlinear mapping of the inputs to the
outputs inherent in NNs.
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Table 1
Speed comparison of backpropagation algorithms

Training optimization methods Training CPU times (s)
Gradient descent (GDBP) 2467
Quasi-Newton (QNBP) 583
Levenberg—Marquardt (LMBP) 356

The NN: 3 input nodes, 1 single 12-neuron hidden layer, 1 output neuron, and the performance gradient is le-4.

The NN in this paper is designed and implemented by using MATLAB® M-scripts. Levenberg—
Marquardt backpropagation (LMBP) training algorithm [17,18] is adopted. Like the Quasi-Newton
(or secant) methods, the LMBP algorithm can approach second-order training speed without having
to compute the Hessian matrix [19]. When the performance function has the form of a sum of
squares (as is typical in training feedforward NNs), the Hessian matrix A can be approximated as

H =J"J and the gradient can be computed as g =.J e, where J is the Jacobian matrix that contains
the first derivatives of the NN errors with respect to the weights and biases and e is the vector
of NN errors. The Jacobian matrix can be computed through a standard backpropagation technique
that is much less complex than computing the Hessian matrix. The update scheme of the LMBP
algorithm is thus as:

X=X — [JJ + MU U e,

where X; is the vector of weights and biases at the kth iteration. When the scalar 4 is zero, this
is exactly the Newton’s optimization, using the approximate Hessian matrix. While 4 is large, this
becomes the gradient descent method with a small step size. The Newton’s method is faster and
more accurate near the error minimum. The aim is to switch to the Newton’s method as quickly
as possible. Thus, A is decreased after each successful step (reduction in performance function) and
is increased only when a tentative step would increase the performance function. In this way, the
performance function will always be reduced at each iteration of the algorithm. Another reason to
use the LMBP algorithm is that it is much faster than other backpropagation algorithms as shown
in Table 1 for Example 1.

Training and testing (validation) data sets are generated as follows: first, a suitable number of
input vectors, (s,M,M,,...,My), are chosen or generated randomly from the expected value ranges
of s, M, M,, ..., and My; next, the input vectors are normalized and for each input vector, the desired
output, g(s, M, M,,...,My), is calculated with Eq. (7). The training and testing data sets consist of
different pairs of the input vector and its corresponding output.

An important but hard problem in NN design and implementation is to determine the number of
hidden units. The difficulties root from the so-called overfitting and underfitting. The optimal number
of hidden nodes depends in a complex way on the complexity of the function to be approximated,
the type of activation functions in hidden layers, the numbers of input and output nodes; the training
algorithm, the size of training data set, the amount of noise in training data and so forth. This topic
remains an art and no once-for-all rules are available to follow. Sarle [20], Weigend [21] and Tetko
et al. [22] report that there seems to be no upper limit on the number of hidden units, other than that
imposed by computer time and memory requirements. In the LMBP algorithm used in the paper,
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validation vectors (the elements of which are the global parameters such as the maximum number
of epochs, the maximum amount of time, performance goal, and the minimum performance gradient,
etc.) are used to stop training early if the NN performance on the validation vectors fails to improve
or remains the same. Thus a relatively large number of hidden units can be used without bringing
in overfitting. Hence, both underfitting and overfitting on NN training can be avoided effectively to
a certain degree. In addition, test vectors are used as a further check that the NN is generalizing
well.

4. Examples
4.1. Example 1

In order to visualize the comparison between the analytical and the NN solutions (as any entity
beyond 3 dimensions is unable to be visualized effectively), we first consider the design problem of
a 2-stage, analytically solvable parallel-series system in which N =2; Cy; =15; C;; =20; Cr =150;
u(s)=10s; f1;, =1 and fo; = 2s.

Case I: Analytical solution.

The objective function U(M;,M,) is derived as

2M1 M2 2All + M2
UM, My)=10 — 10
(81, M2) <2M1+1+M2+1 My + My + 1 (1)
and the solution that maximizes this objective function subject to the resource constraint is:
Ml = 35
MZ = 6)

U(3,6)=79121.

Case 2: NN approximation.

The training and validation data sets are obtained as follows: initial input vectors, [s, M, M,]",
are generated randomly in the expected value ranges (s € [0, 1], My, M, €[0,10]) and normalized to
be y' = [s,m;,my]" €[0,1]°; the desired output target g(s,M;,M,) is calculated according to the
following equation:

2 M; s
g(s. M, M) =Pr(p(x) =) =[] [ 1 -] </ fij(t)dt> — (1 —s)Mi(1 — &Y.
i=1 j=1 N0

The approximate objective function, U(M;,M,), constructed from the approximate system distri-
bution function, §(s, M, M,), with Eq. (8), is

. < 1 1 . 4
U(MI,MZ):IOZ (fxi-H (1_1‘1i+WizlnBi>>, (11)

i=1
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Objective function for the actual model
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where

A;=1+ e_(Wi]+W12+Wi3ml+Wi4m2)’

B, =1+ e~ (wittwismi+wiams)
[ .

The training data set contains 240 pairs of input vector and its corresponding output. The objective
of training is that the percent error is smaller than 1%. We achieved this goal when the number of
the hidden neurons c is equal to 12 after 2500 training epochs. The actual percent error is 0.80477%.
The maximum error for a randomly generated testing set consisting of 50-pair data is 2.0628%. The
final optimal design solution is

Ml :31

U(3,6) = 7.9210.

Although the analytical expression of the actual objective function in Eq. (10) obtained analytically
and the approximate one in Eq. (11) obtained using the NN approximation are completely different,
the actual objective function U(M;,M,) and the approximate one U(M;,M,) shown in Figs. 3 and
4 respectively are almost identical. The final optimal solutions for both methods are the same, i.e.,
M, =3, M,=06. The values of the true objective function and the approximate objective function are
very close, i.e., U(3,6) =7.9121, 17(3,6) =7.9210, In addition, from Fig. 5, the maximum percent
error between these two functions is under 3.5%.

4.2. Example 2

In this example, we use a 4-stage, analytically unsolvable parallel-series system in which N =
4; u(s) = 10s; Cy; = 3200; Cy; = 1700; C5; = 830; Cy; = 2500; and Cr = 160,000. The probability
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density functions of components in the four subsystems are three commonly used distributions:
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The density functions of the components in the 4 subsystems are plotted in Fig. 6.

Jf1i=1; unit distribution,

f2i = 2s; triangular distribution,

_I'(e+p)
Sf3i(s) = W
Sai(s) = Tt f) o

r()r(p)

s*71(1 — 5)P~!, beta distribution where o =2, f = 3.5,

s*71(1 — 5)P~1, beta distribution where o =5, f = 2.

unit
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Fig. 6. Component state distribution functions for Example 2.

The desired output targets for NN training, i.e., actual system distribution function, are calculated
with

4 M,

o.M M) =TT (1-T] </Osf,-j(t)dt>

i=1 j=1
=1 =M1 = sHM2(1 = (3.5(1 —s*°) — 4.5(1 — 5>°) 4+ 0.0635)3

(1 — 65° + 5s5)M4, (12)

We can see that although Eq. (12) is also complicated, it is calculable. But the objective func-
tion U(M;,M,, M5, M) constructed from Eq. (6) is too complex and seems impossible to calculate
analytically so that the whole optimization design is unsolvable analytically.

On the contrary, it is straightforward to solve this optimization problem using the NN approxima-
tion because the expression format of the approximate objective function is the same as in Example
1. In other words, the approximate objective function, U(M;, M,, M3, M,), constructed from the ap-
proximate system distribution function is

L

A 1 1 4

U (M, Mo, M3, My) = 10y (aiﬂ (1 — gty B_)) :
i=1 1 L 1

where

Ai =1+ e—(Wi1+Wiz+Wi3m1+Wi4m2+wf5m3+wi6m4),

o — (Wit +wizmi +wigma+wismz-+wisis )
Bi=1+¢ .
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Fig. 7. Training performance versus training epoch for Example 2.

The training data set containing 1600 training pairs is generated randomly. The size of the hidden
layer ¢ = 19. After 2500 epochs of training iterations, the actual percent training error is 0.9859%.
The maximum validation error is 2.4532%. Fig. 7 shows the training performance versus training
epochs. After an exhaustive search, the final optimal solution is

M, = 14,
My =9,

M = 36,
M, =15

and the corresponding approximate utility is (7 (12,7,35,32) = 8.4384.

5. Conclusion and discussions

The continuous-state model for parallel-series system optimal design makes sense in both theory
and application. The advantage of a continuous-state model is that it models realities more accurately.
However, in some cases, it is very difficult to solve the continuous-state model optimal design prob-
lem using classical optimization algorithms because the objective function becomes quite complex.
There are also situations wherein explicit system objective function is not available except as a set
of experimental data. To overcome these difficulties, we have proposed to use the NN approximation
to approximate the objective functions.



P.X. Liu et al. | Computers & Operations Research 30 (2003) 339-352 351

Compared to classical direct search optimization methods, another advantage of the NN approxi-
mation is that no matter how complicated the system may be, the form of the approximate objective
functions is always the same. Specifically, it is always a linear combination of some kind of non-
linear functions, for example, sigmoidal functions in this paper. Once the approximate model is
available, the subsequent search method and procedure may be identical. This is especially useful
and efficient for the cases when the system is large, the state distribution functions of the components
in the same subsystem are not identical, and/or there is no explicit system model available except
an experimental data set.
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