
www.elsevier.com/locate/patrec

Pattern Recognition Letters 27 (2006) 366–376
Fault diagnosis of machines based on D–S evidence theory.
Part 1: D–S evidence theory and its improvement
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Abstract

In this paper, conventional D–S evidence theory is improved through the introduction of fuzzy membership function, importance
index, and conflict factor in order to address the issues of evidence sufficiency, evidence importance, and conflicting evidences in the prac-
tical application of D–S evidence theory. New decision rules based on the improved D–S evidence theory are proposed. Examples are
given to illustrate that the improved D–S evidence theory is better able to perform fault diagnosis through fusing multi-source informa-
tion than conventional D–S evidence theory.
� 2005 Elsevier B.V. All rights reserved.
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1. Introduction

There is no single sensor that can reliably obtain all the
information required for fault diagnosis. With the develop-
ment of sensor technology and signal processing methods,
a great deal of information can be obtained. New chal-
lenges have arisen with regard to making more reasonable
inferences based on multi-source information. Bayesian
inference can be used to update the probability of a
hypothesis given a piece of observed information. This
property makes possible multi-source information fusion.
For details on Bayesian inference readers can refer to
Gelman et al. (2004). Though Bayesian inference can be
employed to determine the probability of a decision�s
correctness based on prior information, it has some disad-
vantages: (1) the knowledge required to generate the prior
probability distributions may not be available; (2) instabil-
ities may occur when conflicting data is presented and/or
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the number of unknown propositions is large compared
to the known propositions (Roemer et al., 2001); (3) infor-
mation available to the decision-maker must be character-
ized by a specific distribution or an exact assertion of the
truth of a proposition; and (4) it offers little opportunity
to express incomplete information or partial belief (Ducey,
2001).

Based on Dempster�s research, Shafer (1976) proposed
Dempster–Shafer (D–S) evidence theory as an alternative
to Bayesian inference. D–S evidence theory can be consid-
ered to be a general extension of Bayesian theory and can
robustly deal with incomplete data. It allows the represen-
tation of both imprecision and uncertainty (Beynon et al.,
2001; Hégarat-Mascle et al., 2003). Rather than computing
probabilities of propositions, it computes probabilities that
evidence supports the propositions and offers an alternative
approach to dealing with uncertainty reasoning based on
incomplete information. D–S evidence theory tackles the
prior probability issue by keeping track of an explicit prob-
abilistic measure of a possible lack of information. It is
suitable for taking into account the disparity between
knowledge types (Kaftandjian et al., 2003) because it is able
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to provide a federative framework (Fabre et al., 2001) and
it combines cumulative evidence for changing prior opin-
ions in the light of new evidence (Parikh et al., 2001).

Parikh et al. (2001) proposed a new method based on the
fact that the use of predictive accuracy for basic probability
assignment can improve performance over that provided
by traditional basic probability assignment methods. Wang
et al. (1999) proposed the combined fuzzy logic/D–S evi-
dence theory method. Although Jones et al. (2002) noted
that it is necessary to ensure the validity of basic probabil-
ity assignment; they did not give a method to do so. Addi-
tional research is needed for application of D–S evidence
theory in practical decision-making, because evidence suffi-
ciency, evidence importance, and conflicting evidence were
not addressed in conventional D–S evidence theory. This
provided the motivation for this research combining fuzzy
set theory, weight of evidence, conflict resolution, and D–S
evidence theory.

In this paper, we report a new method based on D–S evi-
dence theory that can increase the accuracy of decision-
making through fusing multi-source information. The rest
of the paper is organized as outlined below. Section 2 de-
scribes D–S evidence theory and its disadvantages. Section
3 reports the improvement of conventional D–S evidence
theory. The issues of evidence sufficiency, evidence impor-
tance, and conflicting evidence are addressed. Decision
rules based on the improved D–S evidence theory are
given. A flowchart based on the proposed method is
provided. In Section 4, an example is given to demonstrate
the validity of the improved D–S evidence theory. Conclu-
sions are summarized at the end.

2. D–S evidence theory

Let H be a finite nonempty set of mutually exclusive
alternatives, and be called the frame of discernment (Sha-
fer, 1976). This frame of discernment contains every possi-
ble hypothesis. In fault diagnosis, we have a set of failure
hypotheses, H = {Fiji = 1,2, . . . ,N}, where Fi is the hypo-
thesis of ‘‘Fault Fi is present’’. We need to evaluate the
strength of belief in each fault hypothesis.

Basic Probability Assignment (BPA) is a function,
m : 2H ! [0, 1], such that m(;) = 0 where ; denotes an
empty set, and

P
X�HmðX Þ ¼ 1. The power set 2H is the

set of all the subsets of H including itself (Beynon et al.,
2001; Parikh et al., 2001). Given a piece of evidence, a be-
lief level between [0,1], denoted by m(Æ), is assigned to each
subset of H. Each subset contains one or more hypothesis.
No belief ought to be committed to an empty set. All the
BPAs add up to unity.

If evidence for a hypothesis exists, the corresponding
BPA is said to have been fired by the evidence. This BPA
will be considered in information fusion. Otherwise, the
BPA for the hypothesis has not been fired and will not
be employed in information fusion. For example, a piece
of evidence is obtained from a series of collected data,
and the evidence is for faults {F1}, {F2}, and {F4,F5}.
Then, it can be said that the evidence for faults F1, F2,
F4, or, F5 is present. Assuming m({F1}) = 0.6, m({F2}) =
0.3, and m({F4,F5}) = 0.1, it can be said that these BPAs
are fired by the evidence. This tells us that F1, F2,
{F4,F5} are present and have belief levels of 60%, 30%,
and 10%, respectively.

The value of 0 indicates zero belief in a hypothesis, while
the value of 1 indicates total belief. A value between these
two limits indicates partial belief. If the BPAs for only a
few hypotheses are known, the complementary BPA value
is assigned to the frame of discernment; that is,m(H) is equal
to one minus the sum of the known BPAs. This value then
represents ignorance. Any subset X of H for which m(X) is
known which is not equal to zero is called a focal element.
The BPA of H denoted by m(H) is considered to represent
the amount of uncertainty, and is called ignorance (Beynon
et al., 2001). For example,m(H) = m({F1,F2, . . . ,FN}) = 0.2
means that the chance for fault F1 or F2 . . . or FN to exist is
20%. In other words, there is a 20% uncertainty regarding
fault sources based on available evidence. If existing evi-
dence cannot distinguish between hypotheses Fi and Fj, a
BPA value is assigned to the set including both Fi and Fj, de-
noted as m({Fi,Fj}). The BPA of set X, m(X), represents the
possibility that the correct hypothesis is in the set X but is in
no particular subset ofX (Klir andWierman, 1998). Because
evidence theory allows some belief to be uncommitted, it is
possible to develop lower and upper bounds of uncertainty
for any subset of 2H.

The total belief level committed to X, Bel : 2H ! [0,1],
can be obtained by calculating the belief function for X;
this adds the BPAs of all subsets of X:

BelðX Þ ¼
X
Y�X

mðY Þ; for any X � H. ð1Þ

The difference between m(X) and Bel(X) is that m(X) mea-
sures the assignment of belief only toX, not the total assign-
ment of belief to X and all its subsets. Bel(X) measures the
total assignment of belief to X and all its subsets. Bel(X)
represents the belief level that a proposition lies in X or
any subset of X. For example, Bel({F1,F2}) = m({F1}) +
m({F2}) + m({F1,F2}). Here, X = {F1,F2} and Y in Eq. (1)
takes {F1}, {F2}, and {F1,F2}.

The plausibility function defined below measures the
extent to which we fail to disbelieve the hypothesis of X,
Pl : 2H ! [0, 1]:

PlðX Þ ¼
X

Y\X 6¼;
mðY Þ; for any X � H and all Y � H. ð2Þ

For example, if H = {F1,F2,F3}, then Pl({F1,F2}) =
m({F1}) + m({F2}) + m({F1,F2}) + m({F1,F3}) + m({F2,
F3}) + m(H). Here X = {F1,F2}, Y in Eq. (2) takes {F1},
{F2}, {F1,F2}, {F1,F3}, {F2,F3}, and H.

Both imprecision and uncertainty can be represented by
Bel and Pl (Beynon et al., 2001). In Bayesian theory, the
uncertainty of an event is expressed through a single value,
the probability that the event will occur, and the impreci-
sion of the measurement of the event is assumed to be null.
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In D–S evidence theory, the belief value of hypothesis A is
interpreted as the minimum uncertainty value of A, and its
plausibility value is interpreted as the maximum uncer-
tainty value of A. The relationship between Bel and Pl is

PlðAÞ ¼ 1� BelðAÞ; ð3Þ
PlðAÞ P BelðAÞ. ð4Þ

Bel(A) and Pl(A) are the lower limit and the upper limit,
respectively, of the belief level of hypothesis A. A is the
negation of hypothesis A. [Bel(A),Pl(A)] is the confidence
interval which describes the uncertainty of A. Pl(A) �
Bel(A) for A � H represents the ignorance level in hypothe-
sis A. If the information for fusion is missing or unreliable,
the difference between Bel(A) and Pl(A) will increase. This
difference provides a measurement of the imprecision and
the uncertainty of the belief level in decision-making (Héga-
rat-Mascle et al., 2003). The above discussion is illustrated
in Fig. 1.

Multiple evidences can be fused using Dempster�s com-
bination rule, shown in Eq. (5), which is also called the
orthogonal sum of evidences (Beynon et al., 2001). Evi-
dences related to any subsets X and Y of H can be used
to calculate the belief level for some new hypothesis C.
C = X \ Y. If C = ;, it means evidences conflict with each
other totally and the belief level in hypothesis C is then
null.

mðCÞ¼miðX Þ�mi0 ðY Þ

¼
0; If X \Y ¼;;X

X\Y¼C;8X ;Y�H
miðX Þ�mi0 ðY Þ

1�
X

X\Y¼;;8X ;Y�H
miðX Þ�mi0 ðY Þ

; If X \Y 6¼ ;;

8>><
>>:

ð5Þ

where i (i 0) denotes the ith (i 0th) evidence, mi(X) is the BPA
of X supported by evidence i, and mi0 ðY Þ is the BPA of Y
supported by evidence i 0. Let

ki;i0 ¼
X

X\Y¼;
miðX Þ � mi0 ðY Þ. ð6Þ

The quantity ki;i0 is called the conflict factor between the
two pieces of evidence i and i 0, where ki;i0 6¼ 1. It is obvious
that ki;i0 ¼ ki0 ;i.

Dempster�s combination rule can be generalized to more
than two hypotheses, as shown in Eq. (7). It is both com-
mutative and associative. When hypotheses are fired by N

pieces of evidence, Eq. (7) can be used to fuse these evi-
dences. The final result represents the synthetic effects of
all evidences.
Bel(A) 

Pl(A)

Min belief level of A

The level of ignora

1 

0 

Fig. 1. The relation be
m ¼ m1 � m2 � � � � � mN ¼ ðððm1 � m2Þ � � � �Þ � mN Þ. ð7Þ
According to Eq. (1), there is a one-to-one correspondence
between Bel and m. The orthogonal sum of belief functions
Bel = Bel1 � Bel2 can be calculated based on the final
BPAs according to Eq. (5).

We have to note that totally contradictory evidences
cannot be combined with one another using Dempster�s
rule. Such conflicts may result in an incorrect fusion result.
This is illustrated in Example 1.

Example 1. Assuming a machine�s failure modes include
F1, F2, and F3. The fault hypothesis set is H = {F1,F2,F3}.
Assume that two evidences, 1 and 2, have been obtained.
The BPAs of faults supported by such evidences are
m1({F1}) = 0.9, m1({F3}) = 0.1, m2({F2}) = 0.9, and
m2({F3}) = 0.1. These two evidences do not support any
other subsets of 2H. The given m1({F1}) value of 0.9 and
m1({F3}) value of 0.1 indicate that evidence 1 provides a
belief value of 90% supporting hypothesis F1 and a belief
value of 10% supporting hypothesis F3. Evidence 2
provides belief values of 90% and 10% supporting hypo-
theses F2 and F3, respectively. If we apply Eq. (5) directly,
the BPA of hypothesis F3 based on these two evidences is

mðfF 3gÞ ¼
0:1� 0:1

1� 0:9� 0:1� 0:1� 0:9� 0:9� 0:9
¼ 1.

This would indicate that hypothesis F3 is 100% correct.
Obviously, the conclusion is wrong because the two
evidences do not really support F3 very well. Each of the
two evidences supports hypothesis F3 with a BPA of 0.1.

Such a mistake arises from the fact that the two
evidences have some agreement with each other on fault
F3 only (though these BPAs are very low). They contradict
each other greatly on F1, and F2. This is one of the
limitations of conventional D–S evidence theory; it some-
times generates wrong conclusions for decision-making.
Some researchers have tried to solve this problem. Yager
improved D–S evidence theory by classifying the conflict-
ing evidences into setH (Yager, 1987). Though conflicts are
removed, some useful information is lost. Further improve-
ments are needed for effective decision-making.
3. The proposed improvement of D–S evidence theory

Considering the characteristics of practical applications
of D–S evidence theory, the following issues should be
addressed.
Bel( A ) 

Max belief level of A

nce in A

tween Bel and Pl.
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Fig. 2. Semi-trapezoidal fuzzy number x = (a1,a2).
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3.1. Evidence sufficiency

In practice, the data collected from sensors contain
errors and the features extracted may not be certain. This
affects the sufficiency of evidence. For example, when a sen-
sor returns a value, the error in the sensor regarding this
value is a function of the true value and other factors. As
a result, we may not have adequate evidence to support a
given hypothesis and to fire the corresponding BPA. In
addition, if we consider expert opinions in decision-mak-
ing, different experts may make different decisions given
the same evidence. Each expert makes his own assessment
of the evidence based on his own criteria (Kumar and Kar-
markar, 2001). Suppose that, in the collected vibration
data, we observe that the amplitudes at two frequencies
f1 and f2, are 0.049 mm/s2 and 0.051 mm/s2, respectively.
Because of the measurement errors of sensors, it is hard
to say whether or not 0.049 mm/s2 and 0.051 mm/s2 are
the real values. Using traditional D–S theory, we treat
them as real values. In fault diagnosis, expert A may use
an alarm threshold of 0.048, while expert B may use an
alarm threshold of 0.050. Both evidences are sufficient
according to expert A; while only the second evidence of
0.051 is sufficient according to expert B. We know however,
that 0.049 and 0.051 are not that different from each other.
Thus, it is necessary to find a way to represent the evidence
sufficiency that depends on sensor error and expert�s opin-
ions in Dempster�s combination rule.

Fuzzy theory can be used to optimize decision-making
(Huang, 1997) and can provide a framework for represen-
tation of information sufficiency. Fuzzy theory is used in
this paper to represent evidence sufficiency in an objective
and quantitative manner. For each monitored parameter,
a fuzzy membership function is introduced to translate
the location of the feature in a plot into interpreted infor-
mation, similar to that expressed by experts as ‘‘the ampli-
tude is high’’. Though some research results of Fuzzy and
D–S evidence theory are reported by Yager (1999) and
Kaftandjian et al. (2003), nobody has yet used membership
function to represent evidence sufficiency. Fuzzy member-
ship function can describe evidence sufficiency well by
expressing the fact that the amplitude is, to a certain
degree, either large or small. A trapezoidal fuzzy number
can be represented by a quadruplet x = (a1,a2,a3,a4). Its
membership function is given below (Yager, 1999):

lðxÞ ¼

0; x < a1;
x� a1
a2 � a1 ; a1 6 x < a2;

1; a2 6 x 6 a3;
a4 � x
a4 � a3 ; a3 < x 6 a4;

0; x > a4.

8>>>>>><
>>>>>>:

ð8Þ

Based on Eq. (8), the semi-trapezoidal function given in
Eq. (9) is proposed to represent evidence sufficiency. This
function is depicted in Fig. 2. Assigning a threshold to an
evidence is done not only to ensure that reasonable results
are obtained but also to prevent BPAs from being mis-
fired. This threshold can avoid the non-sufficiency of
evidence induced by sensor errors and expert opinions.
This non-sufficiency level can be measured by l(x)
effectively.

lðxÞ ¼
0; 0 6 x 6 a1;
x� a1
a2 � a1 ; a1 < x < a2;

1; x P a2.

8><
>: ð9Þ

Fig. 3 shows the power spectral density of a gearbox
vibration signal. Assume that the sensor error is of an
amplitude less than 1% of the real value. We can make
Eq. (9) represent the evidence sufficiency of the sidebands�
amplitude around the meshing frequencies of 266 Hz and
320 Hz. When the gearbox is normal, experts A and B will
give the acceptable thresholds of gearbox vibration as, aA1
and aB1 , respectively. When one gear tooth is totally miss-
ing, experts A and B will give the alarm thresholds of vibra-
tion as, aA2 and aB2 , respectively. This means that expert A
believes that the gearbox is normal when the vibration is
below the value of aA1 . If the vibration value is in the range
of [aA1 ,a

A
2 ], expert A considers the gear as having a partial

fault. If the vibration value is beyond the value of aA2 ,
expert A considers the gear as having a total fault. The
experience of expert B is considered similarly using aB1
and aB2 . The influence of sensor error is considered by
modifying these thresholds. Let a1 ¼ minðaA1 ; aB1 Þð1� 1%Þ ¼
0:99minðaA1 ; aB1 Þ and a2 ¼ maxðaA2 ; aB2 Þð1þ 1%Þ ¼ 1:01
maxðaA2 ; aB2 Þ. When the amplitude x is greater than a2,
l(x) = 1; this means that the evidence is totally sufficient.
When the amplitude x is greater than a1 but less than a2,
0 < l(x) < 1; this means that the evidence is partially suffi-
cient. When the amplitude x is less than a1, l(x) = 0; this
means that the evidence is considered as being completely
non-existent.

For the evidence of Ei, its sufficiency can be represented
by Eq. (9) and li is called the sufficiency index. Evidence
sufficiency can be incorporated through affecting attenua-
tion of BPA, given in Eq. (10). The new BPA is denoted
as mi,*(Æ).

mi;�ðAÞ ¼
li � miðAÞ; A � H;

1�
P

B�Hli � miðBÞ; B � H; A ¼ H;

�
ð10Þ

where i = 1,2, . . . ,M, M is the number of evidences, and

* denotes that the BPA has incorporated evidence
sufficiency.



Fig. 3. Calculation of evidence sufficiency.
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When a piece of evidence is partially sufficient, the cor-
responding BPA may be fired, but it has a lower chance of
occurrence. The belief level for the hypothesis correspond-
ing to the evidence, i, will be lower. Assume m1({F1}) = 0.6,
m1({F2,F3}) = 0.2, and m1(H) = 0.2; if the evidence
obtained is not totally sufficient and the sufficiency index
is 90%, according to Eq. (10), the new BPAs become
m1,*({F1}) = 0.6 · 0.9 = 0.54, m1,*({F2,F3}) = 0.2 · 0.9 =
0.18, and m1,*(H) = 1 � 0.54 � 0.18 = 0.28, respectively.

3.2. Evidence importance

In reality, not all the evidences have the same impor-
tance in decision-making. Some evidences are more impor-
tant than others. Conventional D–S evidence theory does
not differentiate the importance of different evidences. In
fault diagnosis, because different evidences make different
contributions to different faults, evidence importance
should be considered for specific fault diagnosis through
multi-resource information fusion. For diagnosing the fault
of F1, the importance indexes of all evidences can be writ-
ten as {vi,1ji = 1,2, . . . ,M}. When diagnosing the fault of
F2, we use the importance indexes of all evidences denoted
by {vi,2ji = 1,2, . . . ,M}.
. ð12Þ
The following example can help us understand the
importance of evidence. There are two doctors and three
kinds of diseases: hypertension, dermatosis, and tracheitis.
Doctor A has more experience in diagnosing hypertension
and tracheitis while Doctor B is better at diagnosing
dermatosis. In addition, they both have some knowledge
of hypertension, dermatosis, and tracheitis. If the disease
is tracheitis, then the weight given to Doctor A�s diagnosis
should be greater than the weight given to Doctor B�s. If
the disease is dermatosis, then Doctor B�s diagnosis should
carry more weight than Doctor A�s. According to the dis-
ease a patient may have, different weights will be employed;
therefore, the importance of BPAs should be thought of in
terms of a matrix. Based on this idea, we recommend that
an importance weight; wi,j (0 6 wi,j 6 1), be used to reflect
the importance of evidence i for the hypothesis of fault j.
The importance matrix, W, showing the correlation be-
tween evidences and faults, is given in Eq. (11).

, ð11Þ

where
PM

i¼1wi;j ¼ 1; j ¼ 1; 2; . . . ;N ; F j denotes the jth
fault, and Ei denotes the ith evidence. This means that
for each fault j, the sum of the weights of evidences
E1,E2, . . . , and EM equals 1.

For all the subsets ofH, we can calculate the importance
matrix,W*, between evidences and subsets ofH, as given in
Eq. (12).
Because there are (2N � 1) subsets in 2H, there are (2N � 1)
columns in Eq. (12). For each column in Eq. (12), the larg-
est element in the column will be taken as the denominator.
Thus, the new importance index of BPA, denoted by
vi;j0 ði ¼ 1; 2; . . . ;M ; j0 ¼ 1; 2; . . . ; 2N � 1Þ can be expressed
as in Eq. (13).

vi;j0 ¼
w�

i;j0

maxfw�
i;j0 ji ¼ 1; 2; . . . ;Mg for each j0; ð13Þ
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where w�
i;j0 denotes the element of the matrix, W*, and Eq.

(14) is the matrix of the importance index obtained accord-
ing to Eqs. (12) and (13).
. ð14Þ
The importance of evidence is introduced through mod-
ifying the BPA as shown in Eq. (15). The new BPA is de-
noted as mi,**(Æ).

mi;��ðAÞ ¼
vi;j0 � miðAÞ; A � H;

1�
P

B�Hvi;j0 � miðBÞ; B � H; A ¼ H;

�

ð15Þ

where ** represents that the BPA has been modified by the
evidence importance.

Example 2. The evidences in Example 1 are used here.
Assuming that the second evidence importance is larger
than the first evidence importance for all three fault modes,
v1,1 = v1,2 = v1,3 = 0.3 and v2,1 = v2,2 = v2,3 = 0.7 are used
to express the difference. In Table 1, the importance of the
first evidence is 42.86% (0.3/0.7) of the importance of the
second evidence. The new BPAs are calculated and shown
in Table 1.

Based on the new BPAs, m1,** and m2,**, the following
fusion results can be obtained using Eq. (5):

mðfF 1gÞ¼
0:3852�0þ0�0

1�0:3852�0:9�0:3852�0:1�0:9�0:0428
¼ 0;

mðfF 2gÞ¼
0:9�0:572

1�0:3852�0:9�0:3852�0:1�0:9�0:0428
¼ 0:8933;

mðfF 3gÞ¼
0:1�0:0428þ0:1�0:572

1�0:3852�0:9�0:3852�0:1�0:9�0:0428
¼ 0:1067;

mðHÞ¼ 0:572�0

1�0:3852�0:9�0:3852�0:1�0:9�0:0428
¼ 0.
Table 1
BPAs considering weights

BPA m{F1} m{F2}
(Weightjimportance index) (Weightjimportance index)
(New BPA) (New BPA)

m1 0.9 0
(m1,**

) (0.3jv1,1 = 0.3/0.7 = 0.428) (0.3jv1,2 = 0.3/0.7 = 0.428)
(0.9 · 0.428 = 0.3852) (0 · 0.428 = 0)

m2 0 0.9
(m2,**

) (0.7jv2,1 = 0.7/0.7 = 1) (0.7jv2,2 = 0.7/0.7 = 1)
(0 · 1 = 0) (0.9 · 1 = 0.9)
Using Eqs. (1) and (2), we have Bel({F1}) = 0,
Pl({F1}) = 0, Bel({F2}) = 0.8933, Pl({F2}) = 0.8933,
Bel({F3}) = 0.1067, and Pl({F3}) = 0.1067. The BPA of
0.8933 for hypothesis F2 is the largest. Obviously, this
is consistent with common sense. As a comparison with
Example 1, this example shows that the introduction of
importance can make fused results more reasonable.

The modification of BPAs considering both evidence
sufficiency and evidence importance is shown in Eq. (16).

mi;�ðAÞ ¼
ai;j0 � miðAÞ; A � H;

1�
P

B�Hai;j0 � miðBÞ; B � H; A ¼ H;

�

ð16Þ
where mi,•(Æ) is the BPA incorporating both sufficiency and
importance of evidences, ai.j0 is the combining index of suf-
ficiency and importance, and ai.j0 ¼ vi;j0 � li.

The term (1�
P

B�Hai;j0 � miðBÞ) in Eq. (16) indicates the
loss of BPA due to ai;j0 . The value of (1�

P
B�Hai;j0 � miðBÞ)

will be added to the BPA of H. As long as at least one evi-
dence�s importance is different from that of the others,
according to the definition of ai.j0 , we have ai.j0 ¼ vi;j0 �
li < 1. Using Eq. (16), it is easy to find that mi;�ðAÞ ¼
ai;j0 � miðAÞ ¼ vi;j0 � li � miðAÞ < miðAÞ. Thus, the BPA for
the hypothesis supported by less important and more
uncertain evidences will be significantly reduced. Accord-
ing to Eq. (6), conflicts will be weakened through the atten-
uation of the hypothesis�s BPAs and the concurrent
increasing of H�s BPA.
3.3. Conflicts among evidences

Evidences may conflict with one another. For each pair
of evidences, a conflict factor denoted by ki.i0 , is defined in
Eq. (6). If two evidences conflict with each other, and both
are fully sufficient and equally important, the indexes of
m{F3} m(H)
(Weightjimportance index) (New BPA)
(New BPA)

0.1
(0.3jv1,3 = 0.3/0.7 = 0.428) 0
(0.1 · 0.428 = 0.0428) (1 � 0.3852 � 0.0428 = 0.572)

0.1
(0.7jv2,3 = 0.7/0.7 = 1) 0
(0.1 · 1 = 0.1) (1 � 0.9 � 0.1 = 0)
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sufficiency and importance proposed in the earlier section
are not adequate for conflict resolution. In this case, we
propose to classify evidences into two groups: conflicting
and non-conflicting. First, we need to evaluate the conflict
threshold, denoted by d. d represents the permitted conflict
level among evidences. If the conflict factor between two
evidences is greater than d, one of the two evidences will
be put into the conflicting group while the other remains
in the non-conflicting group. Clearly, d is the critical factor
to be determined. If ki;i0 > d and ki00 ;i0 > d, only evidence i 0

will be placed into the conflicting group. Each of the evi-
dences has to be classified as being either in the conflicting
group or in the non-conflicting group. We will apply
Dempster�s combination rule to fuse all evidences in the
non-conflicting group first. The combined BPA for all evi-
dences in the non-conflicting group will then be combined
with the BPAs of the evidences in the conflicting group.
This procedure avoids considering conflicting evidences at
the beginning. Once the non-conflicting evidences have
been combined, the weight of the combined BPAs is higher
than that of the BPAs of the remaining conflicting evi-
dences. According to Eqs. (10) and (6), the conflict between
the evidences combined in the non-conflicting group and
the evidences in the conflicting group will be relatively
small.

As illustrated in Fig. 4, suppose that there are M

evidences. Correspondingly, there are M sets of BPAs.
According to the definition of conflict factor in Eq. (6),
the conflict factor of each pair of evidences can be calcu-
lated and denoted as ki;i0 . Here, we assume that the conflict
factor k2,3 of evidences 2 and 3 is the only value that is
beyond the threshold, d. Thus, the conflicting group is
comprised of the BPA, m2,•(Æ). The non-conflicting group
includes all {mi,•(Æ)ji 5 2}. All the evidences in the non-
conflicting group will be combined first, and then the result
will be combined with evidence 2. This method can better
avoid information loss than the method proposed by Yager
(1987). For more detailed discussion of these issues, readers
may refer to Fan (2003).

3.4. The modified Dempster’s combination rule

For non-conflicting evidences, we apply Dempster�s
combination rule to fuse the BPAs modified by both the
sufficiency index and the importance index. For combina-
)(,1 ⋅•m

)(,2 ⋅•m

…

)(, ⋅•Mm

k1,2 

…

k2,3 

…

k2,M

k1,3 

k1,Mk3,M… 

)(,3 ⋅•m

E1 

E2 

E3 

EM 

…

Combine
these BPAs
first.

Fig. 4. Classification of evidences.
tion with conflicting evidences, however, we propose a
non-conflict factor to be used to modify Dempster�s combi-
nation rule. Suppose that the conflict factor ki;i0 between
evidences i and i 0 is greater than d. We define the non-con-
flict factor between these two evidences as follows:

bi;i00 ¼
1� ðki;i0 � dÞ; if ki;i0 > d;

1; if ki;i0 6 d.

�
ð17Þ

Obviously, bi;i0 ¼ bi0 ;i � bi;i0 is used to represent the degree of
non-conflict. The modified Dempster�s combination rule is
given in Eqs. (18) and (19). The BPA loss due to bi;i0 is
added to m(H).

mðCÞ¼mi;�ðX Þ�mi0 ;�ðY Þ

¼
0; X \Y ¼;;X

X\Y¼C;8X ;Y�H
mi;�ðX Þ�mi0 ;�ðY Þ

1�
X

X\Y¼;;8X ;Y�H
mi;�ðX Þ�mi0 ;�ðY Þ

; X \Y 6¼ ;; ki;i0 <d;

8><
>:

ð18Þ
mðCÞ¼m0

i;�ðX Þ�m0
i0 ;�ðY Þ

¼
0; X \Y ¼;;X

X\Y¼C;8X ;Y�H
m0

i;�ðX Þ�m0
i0 ;�ðY Þ

1�
X

X\Y¼;;8X ;Y�H
m0

i;�ðX Þ�m0
i0 ;�ðY Þ

; X \Y 6¼ ;; ki;i0 Pd;

8><
>:

ð19Þ
where

m0
i;�ðX Þ ¼

bi;i0 � mi;�ðX Þ; X � H;

1�
P

bi;i0 � mi;�ðAÞ; X ¼ H; A � H;

�

m0
i0;�ðY Þ ¼

bi;i0 � mi0 ;�ðY Þ; Y � H;

1�
P

bi;i0 � mi0 ;�ðBÞ; Y ¼ H; B � H;

�

where ki;i0 ; mi;�ðmi0 ;�Þ, and bi;i0 are calculated with Eqs. (6),
(16) and (17), respectively.

3.5. The decision rules

A decision is made according to the results obtained
from multi-source information using the modified Demp-
ster�s combination rule. There are three popular decision
rules: the maximum belief, the maximum plausibility, and
the maximum belief without overlapping belief intervals
(Hégarat-Mascle et al., 2003). These decision rules, how-
ever, are applicable only to the BPA values calculated using
conventional D–S evidence theory. In this paper, suffi-
ciency, importance, and the conflict factor of evidences
are incorporated to modify the BPAs. The decision rules
listed above are no longer applicable. It is necessary to de-
velop new decision rules for decision-making using these
modified BPAs for different hypotheses.

Given the development reported thus far in this paper,
the following decision rules are proposed. These rules can
be applied to BPAs obtained uisng either the method pro-
posed in this paper or the conventional D–S theory.

(a) According to the proposed method for incorporating
sufficiency, importance, and the non-conflict factor in
calculating new BPAs, the sum of all BPAs for each
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hypothesis is equal to 1. The BPA ofH becomes larger
in this process. Since the BPA of H represents uncer-
tainty, we will not use it in our decision- making.

(b) The BPA for decision-making must be greater than a
threshold denoted by D. We will use D = 0.6 in this
paper to illustrate the procedure since at present there
are no better ways to determine the value of D. It is
interpreted as having a belief level of at least 60%
for any given fault.

(c) The proposed method calculates different sets of
BPAs for each hypothesis. We check if the BPA for
the fault that has been hypothesized is beyond the
threshold, D, in fault diagnosis.

(d) Because the belief and plausibility of evidence can
give us the certainty level of results, both a maximum
of belief and a maximum of plausibility will be con-
sidered in decision-making.
3.6. Flowchart of the proposed method

The flowchart of the proposed procedure is shown in
Fig. 5. The proposed method provides more reasonable re-
sults than does conventional D–S theory, because suffi-
ciency and importance of evidence are considered. It also
provides a mechanism to reduce or eliminate conflict
among evidences.
Begin

Load
', jiw  (i=1,2,…, M; 'j =1,2,…

iµ  (i=1,2,…, M ),  {mi(•)} (i=1,2,… ,M), δ

Calculate
', jiv (i=1,2,…, M; 'j =1,2,…, 12 –N )

∑ •
Y =X

iiii YmXmk
∩

)()(= ,',',
; i, 'i =1,2

No δ>',iik

No

Combine BPAs ofevery
group using Eq. (18).

Make decision through the B
according to the decision rules

  End 

C

Combine { )(, ⋅•im } 

using Eq. (18).

Fig. 5. Flowchart of the decision-making us
4. Determination of parameters

In the improved D–S evidence theory, there are para-
meters to be determined such as BPA, sufficiency, im-
portance, and conflict threshold. The derivation of BPA
is the most crucial step, since BPA represents knowledge
about the actual application, as well as the uncertainty
incorporated in the selected information source: 0 6

m(Æ) 6 1 (Kaftandjian et al., 2003). BPAs can be deter-
mined in one of the following ways (Kurkowska et al.,
2000; Salzenstein and Boudraa, 2004): flat BPA method
in which all the BPAs are identical, expert knowledge
method, occurrence frequency method, and Gaussian dis-
tribution modeling method. The second method, expert
knowledge, is the one used in this paper.

Because weights reflect the importance of evidence in the
diagnosis of fault Fj, weights of every two evidences which
support fault Fj should be evaluated first. The procedure is
given below.

(1) Evidences are first assumed to be totally sufficient.
Choose the first two evidences, and calculate BPAs
using Eq. (5). Here, mi(X) = vimi(X), mi0 ðY Þ ¼
vi0mi0 ðY Þ, m(C) = m({F1}), vi ¼ wi

maxðwi ;w0
iÞ
, and v0i ¼

w0
i

maxðwi ;w0
iÞ
. We allow the weight wi to change from 0.1

to 0.9 with a step size of 0.1 and wi0 ¼ 1� wi. The
, 12 –N ),

, and 6.= 0∆ . 

,  { )(, ⋅•im }i(i=1,2, …,M). 

,…,M; 'ii ≠ .

Yes 

Conflict factor between
two different groups >δ

Combine BPAs of
every group using

Eq. (19). 

Yes 

PAs 
 proposed.

Separate { )(, ⋅•im } into

different groups.

ombine )(, ⋅•im belonging to each 

group using Eq. (18).

ing the improved D–S evidence theory.
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specific wi value that maximizes the m({Fj}) will be
kept. The optimal weights for other pairs of evidences
can be obtained in a similar manner.

(2) Based on the weights of every pair of the evidences,
weights among all evidences can be obtained. This
gives us the jth column of the matrix in Eq. (11).

Because the conflict factor ki.i0 reflects the inconsistent
level of evidences, i and i 0, it is reasonable to use the aver-
age conflict factor as a criterion in evidence fusion. That is
why, d ¼ 1

n

P
i0 6¼iki;i0 is employed in this paper, where

n ¼ M
2

� �
. Considering Eqs. (17)–(19), this means that if

ki.i0 is less than the average conflict factor, d, the total
BPA will be kept; otherwise, only partial BPA value will
be kept in fusion.
5. Example

The following example is used to demonstrate the effec-
tiveness of the proposed method. Assume the following
fault hypothesis set, H = {F1,F2,F3}, and the following
evidence set, E = {E1,E2,E3}. The BPAs based on these
evidences are given in Table 2.

The conflict factors between each pair of evidences are
k1,2 = 0.52, k1,3 = 0.26, and k2,3 = 0.605. The conflict
threshold, d ¼ 1

3
ðk1;2 þ k1;3 þ k2;3Þ ¼ 0:4617, is employed.

It is clear that the second evidence greatly conflicts with
the other two evidences. We assume that the sufficiency
indexes for the three evidences are 1, 0.6, and 1, res-
pectively.

Next, the importance index matrix, W*, is obtained
based on Table 2. It is given as Eq. (20).

. ð20Þ

This importance matrix indicates that for F1, the BPAs
supported by E1 and E3 have the same importance and that
the importance weights of E1, E2, and E3 are 0.47, 0.16,
and 0.47, respectively. Thus, the revised importance index
matrix can be obtained according to Eq. (13). It is shown
below.

. ð21Þ
Table 2
BPAs for the example

{F1} {F2} {F2,F3} H

E1: m1(Æ) 0.6 0.1 0.1 0.2
E2: m2(Æ) 0.05 0.8 0.05 0.1
E3: m3(Æ) 0.7 0.1 0.1 0.1
If we want to determine whether the fault is F1, we use
the first column in the importance matrix in Eq. (21),
[1,0.34,1], for evidence combination. Thus, the matrix of
importance index for F1 is as follows:

. ð22Þ

The new BPAs adjusted by the sufficiency index and the
importance index are given by

E1: m1;�ðfF 1gÞ ¼ m1ðfF 1gÞ � v1;1 � l1

¼ 0:6� 1� 1 ¼ 0:6;

m1;�ðfF 2gÞ ¼ m1ðfF 2gÞ � v1;1 � l1

¼ 0:1� 1� 1 ¼ 0:1;

m1;�ðfF 2; F 3gÞ ¼ m1ðfF 2; F 3gÞ � v1;1 � l1

¼ 0:1� 1� 1 ¼ 0:1;

m1;�ðHÞ ¼ 1� 0:6� 0:1� 0:1 ¼ 0:2;

E2: m2;�ðfF 1gÞ ¼ m2ðfF 1gÞ � v2;1 � l2

¼ 0:05� 0:34� 0:6 ¼ 0:0102;

m2;�ðfF 2gÞ ¼ m2ðfF 2gÞ � v2;1 � l2

¼ 0:8� 0:34� 0:6 ¼ 0:1632;

m2;�ðfF 2; F 3gÞ ¼ m2ðfF 2; F 3gÞ � v2;1 � l2

¼ 0:05� 0:34� 0:6 ¼ 0:0102;

m2;�ðHÞ ¼ 1� 0:0102� 0:1632� 0:0102 ¼ 0:8164;

E3: m3;�ðfF 1gÞ ¼ m3ðfF 1gÞ � v3;1 � l3

¼ 0:7� 1� 1 ¼ 0:7;

m3;�ðfF 2gÞ ¼ m3ðfF 2gÞ � v3;1 � l3

¼ 0:1� 1� 1 ¼ 0:1;

m3;�ðfF 2; F 3gÞ ¼ m3ðfF 2; F 3gÞ � v3;1 � l3

¼ 0:1� 1� 1 ¼ 0:1;

m3;�ðHÞ ¼ 1� 0:7� 0:1� 0:1 ¼ 0:1.

These new BPAs for fault F1 are summarized in Table 3.
The new BPAs given in Table 3 are used to calculate the

conflict factors for each pair of evidences. The conflict
factors are k1,2 = 0.10608, k1,3 = 0.26, and k2,3 = 0.12342.
Obviously, these conflict factors are all less than the
conflict threshold d = 0.4617. The conflicts among the
evidences are not significant any more. According to Eq.
(18), new combined results can be obtained. If some of
these conflict factors are bigger than the threshold, Eq.
Table 3
New BPAs for fault F1

{F1} {F2} {F2,F3} H

E1: m1,•(Æ) 0.6 0.1 0.1 0.2
E2: m2,•(Æ) 0.0102 0.1632 0.0102 0.8164
E3: m3,•(Æ) 0.7 0.1 0.1 0.1
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(19) will be used. The fused results are shown in the third
row of Table 5.

In the same way, fused results based on the assumption
that the fault is F2 can be obtained. The second column in
the matrix of importance index in Eq. (21) is used as
follows:

. ð23Þ

The new BPAs incorporating the importance and
sufficiency indexes are shown in Table 4. The combined
results of all evidences are shown in the fourth row of
Table 5.
Table 4
New BPAs for fault F2

{F1} {F2} {F2,F3} H

E1: m1,•(Æ) 0.066 0.011 0.011 0.912
E2: m2,•(Æ) 0.03 0.480 0.03 0.46
E3: m3,•(Æ) 0.077 0.011 0.011 0.901

Table 5
Comparison between the results of D–S theory and the proposed method

Methods No. m({F1}) m({F2}) m({F2,F3}) m(H)

D–S theory 1 0.4519 0.5048 0.0336 0.0096

The proposed method (weights)
[0.47 0.16 0.47]/{F1} 2 0.8119 0.1096 0.0526 0.0259
[0.09 0.82 0.09]/{F2} 3 0.0978 0.4572 0.0372 0.4078
[1 0.8 1]/{F2,F3} 4 0.8324 0.0871 0.0543 0.0261

Fig. 6. The bar plot of the analyzed
Similarly, fused results are obtained for fault {F2,F3}
and shown in the fifth row of Table 5. For comparison pur-
poses, results obtained by conventional D–S evidence
theory are given in the second row of Table 5.

Fig. 6 is the bar plot of the BPAs in Table 5. In the first
subplot in Fig. 6, the BPAs of {F1} and {F2}, 0.4519 and
0.5048, obtained by the conventional D–S combination
rule, are very close. Thus, it is hard to say which fault
has occurred. The second, third, and fourth subplots in
Fig. 6, concern only the BPAs of {F1}, {F2}, and
{F2,F3}, respectively. The BPAs are 0.8119, 0.4572, and
0.0543, respectively. According to the proposed decision
rules and the fused results, we compare only those BPAs,
that are highlighted in Table 5. Although m({F2}) =
0.5048 is the largest BPA in the second row of Table 5,
because max({m(Æ)} = m({F2}) = 0.5048 < D = 0.6, we can-
not conclude that the fault is F2. As for the third–fourth
rows of Table 5 or the seconnd–fourth subplots in Fig. 6,
it is obvious that we can conclude that the fault is F1

because m({F1}) = 0.8119 > 0.6, Bel({F1}) = 0.8119, and
Pl({F1}) = 0.8378. The ignorance factor of F1 is 0.0259,
which is very small. It is clear that the proposed method
can give more explicit diagnostic results than conventional
D–S evidence theory.

6. Conclusions and summary

Membership functions and weights of features are intro-
duced into the improvement of D–S evidence theory. The
proposed method embodies information�s uncertainty
and expert�s subjective knowledge in decision-making. An
example shows that the method is valid and easy to use.
From the results obtained in this paper, we conclude that
results using different methods.
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the improved D–S evidence theory can not only resolve
conflicts among evidences, but also combine expert knowl-
edge and multi-source information. It can improve the
accuracy of decision-making using multi-source inform-
ation.

Acknowledgements

This research is supported by the Natural Science and
Engineering Research Council of Canada (NSERC). Com-
ments from the associate editor and the referees are appre-
ciated very much.

References

Beynon, M., Cosker, D., Marshall, D., 2001. An expert system for multi-
criteria decision making using Dempster–Shafer theory. Expert Syst.
Appl. 20, 357–367.

Ducey, M.J., 2001. Representing uncertainty in silvicultural decisions: an
application of the Dempster–Shafer theory of evidence. Forest Ecol.
Manage. 150, 199–211.

Fabre, S., Appriou, A., Briottet, X., 2001. Presentation and description of
two classification methods using data fusion based on sensor
management. Inf. Fus. 2, 49–71.

Fan, X.F., 2003. Research of satellite fault diagnostic technology based on
multi-agent system. Doctoral Dissertation. Harbin Institute of Tech-
nology. March.

Gelman, A., Carlin, J.B., Stern, H.S., Rubin, D.B., 2004. Bayesian data
analysis, second ed. Chapman & Hall/CRC.
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